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Plan of the course

e |L1: EFT and compact binaries
e hierarchy of scales

e ‘“integrating out” degrees of freedom

e other mehods (overview)

® | 2: conservative dynamics |
e Feynman rules

e systematic Post-Newtonian expansion

e momentum integration and examples

® | 3: conservative dynamics Il
e Energy in the center of mass frame

e Spin
e 3PN and beyond

e | 4: radiative effects

e Power emission, backreaction, and waveform
e Matching

e Tail and memory effects



Effective field theory

Describes physics at a given scale, giving up UV details

It works well in presence of a hierarchy of scales

all operators compatible with the symmetries of the system
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coefficients depending
on UV physics:

they can be derived from a microscopic theory by
integrating out the UV degrees of freedom

E itself can be used to derive another
effective lagrangian at a larger scale



Length scales in a binary system:
a double hierarchy

r
r <<* )\GW ~ —
U
IBHNS <<* T in both cases
' a multipole expansion is appropriate

o i to describe the interaction of the
I source with the gravitational field:
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*during the inspiral phase
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e Symmetries: general covariance, parity and rotations
* No Ricci tensor (vanishes outside the source)

e Hierarchy of terms:
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2
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* Also terms quadratic in curvature tensors allowed:
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cpli; " tidal effect



Integrating out
the Newtonian gravitational field in the near zone

Stot|T, h| = S¢lh] + Sm |z, h] Zseff / D ZStot [z, h]

Warning: the EFT approach borrows many techniques and the language
of Quantum Field Theory, but everything is classical here.
The integral above is not a Path Integral, it is rather a symbolic way to
represent the solution of the classical equation of motion for h.

Dictionary:
integrate out solve classical equations of motion
propagator Green’s function
graviton classical gravity field
(on shell, off shell) (GW, Newtonian)
renormalization renormalization

EFT is a good tool to learn about field theory in general



For example:
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Newton’s potential:

Gmim
— 2 What about this one?

r




The self-interaction terms are UV divergent because the sources have been
modeled as pointlike.

However these divergences are non-physical because they can be reabsorbed
into redefinition of the masses. Just like in classical electrodynamics.

Dimensional regularization is an efficient way to discard this kind of
effects by setting to zero all power-law divergencies:

/ dip 1 _ 0
(2m)dp?

(Logarithmic divergencies can carry physical informations,
and, as we will se later on, they are accounted for in dim.reg.)

To summarize, so far:

/D[¢]ezstot[wy¢] — eiSNewton[m] /D[¢]€ZSQ[¢]

No “quantum” integration have been
done in the gravitational sector:
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So far it was easy. But let’'s consider what happens when a term mimicking
gravitational nonlinearities is added:

g = /d4y [—4¢Agb — \/E/fqbg}

VG2 — 12 {\/Eqb3 + G AT (6m) + VGB3o[ATH(6m)]? + G2 [A—l(dm)P} .

The linear term is removed by:
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a new effective interaction:
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i ; + other terms which vanish

and similar ones, and so on..... in dim. reg.



Looks like a complicated procedure, but it has already been met and solved in

Quantum Field Theory, by means of

Wick'’s contractions
and systematic perturbative expansion in terms of Feynman diagrams

Having established that we are well within classical physics, we can nevertheless use
the power of QFT formalism and compute S_eff as:
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The various contributions are organized in a post-Minkoskian perturbative series with

expansion parameter '/ G or, better:
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each vertex gets a+/(; factor



To summarize, Newton’s potential again:

—1V 327er2

0
|
I >
|
0

—1V 327TGm1

. d3p . . _Z 1P. 1 —I2
V = z/ PIE (—iV32rGmq)(—iV SQWGmQ)@e p-( )

maybe too much formalism so far for such a simple result,
but it will be very useful when things will become more complicated
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Because of the virial theorem 02~
,

velocity factors must be considered consistently at any
given post-Minkoskian order,
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h(t—71) ~ h(t) —rh

T

thus turning the post-Minkoskian expansion
into the Post Newtonian one

nPN: O(G™, v*™) wrt Newtonian



Other ways of doing the same physics

(good to have more than one, because at high PN calculations become very involved)

Direct perturbations of (Einstein + geodesic) equations

relaxed Einstein equations: h*" = \/—gg"" — "

hMV — _167TG7-,LW [h] with Tuv [h] = (—g)T"" + A"V [h]
j_fgwmlaew%f’)(y N0)

once the metric generated by particle 1 is known at a given PN order,
it is inserted into the geodesic equations for particle 2:

TH (t,y) =
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Lo = —FW/ZL‘QZE2



ADM formalism: Hamiltonian formulation of GR

3+1 splitting Hamiltonian constraints
1 1 9 L o
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solved implicitly

Gauge fixing and variables decomposition

1 __ 4 TT and perturbatively
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3 in the PN expansion
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(can replace solutions directly in the Hamiltonian, center-of-mass frame easy to implement)



Self-force: perturbation around Schwarzschild metric

m Lowest order solution of Einstein equations:
: 1
expansion parameter —

mao G [9(0)] = 881G [m]

g(o) metric of a static BH of mass 7114
Hv

geodesic equation for 1l —m xg(t)

First order perturbation (0) L
of Einstein equations: GW/ [g + h#’/] — 87TT,LW [mlv ma, xQ]

S R
the metric perturbation can be decomposed into h,u,/ — h,uu + hlw

in such a way that pr [9(0) + hﬁy] — 87"'pr [ml]

now a new geodesic equation for I'112in the metric g(o) -+ hR is computed
and one can move to the next perturbative step



S-matrix formalism

coupling to
massless spin 2 conserved
+ energy momentum Einstein
unitary S-matrix =~ E=_> + — > .
+ equivalence equations
Lorentz invariance principle

compute effective potentials without passing through a Lagrangian
(off shell S-matrix elements derived from on-shell ones using unitarity)

compute S-matrix ~— _— match the result to

for a given ‘ an appropriate

scattering process / —~—— effective action:

Vo '@+ 0o — )8 (—p — @)p(—p + q)

matter

gravity

use only gauge invariant quantities

_ —_— simplified calculations
work in the center of mass frame



Detailed calculation of conservative dynamics

lBH NS 1
o << r (quasi-)Newtonian field Vh ~ —
We are in the near zone: ‘.‘ r
\“ v
. @ (as opposed to GW: V h ~ _)
""" r
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5PN tidal effect

geometrically m
suppressed Ly ~ 3
CE ~~ GZ?VS
2 _ s\
Q ™ EmlNS €intrinsic — 10 3 <<  Etidal ™~ (7)

No spin (for the moment)



up to 4PN:
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It will be useful to work in momentum space:

bit) = / Alzg(t, )e— k-
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Other Feynman rules
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1PN:

x1(tr)

T v .

i : I

I . "

i + o + q  }

2 . ’ 1
ol O(w?) O(v?) O(1)

: . are suppressed by v factors
while all graphs of this kind so they can be neglected
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Expanding at order v

1+ v?
Vg =
V1 —v?
1 3 3 0, 0 :
~ 47TGm1m2 /tl’tQ [(k2< + = 2)(1 + = 9 2) + t2) 5(t1 — tg)] eZk'(xl(tl)_xQ(tQ))

IR divergent:
OK in dimensional regularization
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Alternatively, one can do time derivatives first,
and then integrate in momentum space using:
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2PN: 3+ 14 =17 graphs
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Some nontrivial examples at O(G?)

iV 8T Gmavivl
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Nontrivial 2PN graphs at O(G*)
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From the Lagrangian to the Energy in the center of mass

Several Lagrangian terms contain accelerations or higher order derivatives

some can be eliminated via ordinary integration by parts
—
Gm1 mo
‘ e .1
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B l

/Gm1m2 [02-?11 B v% N (r.vg)(r.v1) — (r.vg)?
¢

r r2

in other cases a term linear in the accelerations is left;

Gm1m2 2
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yet in other cases one has to deal with terms quadratic in the accelerations

T

® /Gm1m2 15120, .y — (r.aq)(r.az)
é .16

r2

r

which can however be transformed by means of the double zero ftrick:

2
GN

(of course the eq1, eg2 must be taken at the appropriate PN order)

By reiterated use of the above double zero trick and integrations by parts,

one can always transform any Lagrangian into an equivalent one
(i.e. one giving the same equations of motion at a given PN order)

which is linear in the accelerations.
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Lorentz invariance and center-of-mass position

L[#12(t)] ! .

(5331_:2 — —‘7?5 -+ (V.CCLQ)'ULQ

!

0L = VZ [2_7)1,2(?5)] + double zeroes



Center of mass position:

C_j — —Z + Z [(77a ' ﬁa + C_ia ‘ Cfa)fa + (Ua ' q—)a)ga — Ja]
a=1,2
G = p1+ P2 é =0
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Center of mass frame: é



Energy in the center of mass frame

I v GM+3—9V4_|_GM 7'“2V+3+V2 +G2M2
p— v (V)
#12 r 8 r 2 2 272

16 v+r 87“—|—V47°U—1— 3 v
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Spin

S = mvrotRs < mRs

Gm Gm? R, GS?  Gm? [ R, °
r r o r r3 r r
1.5PN 2PN
Sz, h] = — [ d LB 4 2B &
m[CE, ] = — T 1M —§IijE +§JZJB —I—CEE Ezj—l—
+ others
pvo
tetrad e co-rotating and free 9Gur€,€p = T1AB
A falling with the body QHY — efflupvpeA”

. 1 1jk Q.
Spin Supplementary Condition 807; ~ Sij vJ
eliminates gauge d.o.f. from §,,,,

SSC conservation along the 1
wordline can be enforced by — R, 6 SM S
adding extra operators like m —u?

uxu’
A2 + others



Spin-orbit potential
Sepin /d4 {S’U EFM + %vivjqbl +50ivi¢}

St S 4 v; 8%
) —-
* 0
+ i
I
|
Gmo = , .
Gm2
5S¢ Vso = Sl Ux 7 +(1<2)
r3
Finite-size effects are much more important than in the spin-less case
Ssp’m D) ab 2PN

rotation-induced quadrupole



A glimpse to higher PN’s
3PN: 17 + 63 = 80 Feynman graphs

file:///Users/stefano/4PN/diagrams/graPN3.html
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Logarithmic divergencies at 3PN
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The resulting Lagangian pole

11G*mims ¢ 11G%mimeo
- a7 + 2a1.a9| + a’
Sa_g3) (2]t aaTana (1 2)
The lagrangian is not an observable like E(x), ~ ~ 11G*m? ,
so we could live with it, T12 — T12 + 3(d — 3; a1,2
but it is more practical to remove it by means of
Logarithmic terms also appear:
1
22 [GPm3imo N Gi*m3im3 1 r Lo = 4_Le—’v/2
r.a og | —
3 rs ! rd 5 Lo n
G = GNLd_3

which are however do not contribute

to E(x), so they are not physical. Indeed, they can be removed by a

coordinate transformation
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Wolfram Mathematica 6.0 (06 January 2010)
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595 Feynman graphs

+ tail terms:

in total

Re
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post-Minkoskian

E[W(t)] = — Py [w(t)] = w(t) = Pgu(t)

verified only up to NLO
in PN expansion



