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Finite population

The Wright-Fisher model
® Population size IV, number n;, of individuals of type £,
k=1,...,r, with fitness wy,
¢ Nonoverlapping generations
e Given the composition vector = (x;), x; = n;/N, the numbers

nj, in the next generation are distributed according to

N! -

7’
Prob(n,...,n.) = T
(17 ) r) n/1|n’/r|l gr
where
T Wi
e =———
Zj%wj

e Thus n) is approximately distributed as a Gaussian with mean
N¢j. and variance N¢&(1 — &)



Finite population

The Wright-Fisher model




Finite population

The Wright-Fisher model: one realization (neutral)
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Finite population

The Wright-Fisher model: several realizations (neutral)
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Finite population

The Wright-Fisher model: one realization (selective: N = 10000,

wg € {1.0,1.1}, x,(0) = 0.1)
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Finite population

The Wright-Fisher model: several realizations (selective: N = 500,
s=0.01, (0) = 0.1)
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Fixation in 5 cases out of 10



Drift

..it is often convenient to consider a natural population
not so much as an aggregate of living individuals as an
aggregate of gene ratios. Such a change of viewpoint is
similar to that familiar in the theory of gases...

R. A. Fisher, 1953



Drift

We will start our discussion from the simplest situation
where the gene frequency fluctuates from generation to
generation because of the random sampling of gametes in
a finite population. Since Wrights work, the term drift
has become quite popular among biologists. However, in
the mathematical theory of Brownian motion, the term
drift originally connotes directional movement of the
particle; therefore in our context the adjective random
should be attached to it.

M. Kimura, 1964 (abridged)



Drift

Finite population implies different outcomes for different
experiments in the same conditions (lack of self-averaging)

Necessity to describe an ensemble of populations

Use of the theory of Markov processes

Simplification by means of diffusion equations



Random drift in the neutral case

e Population of N haploid individuals, 2 neutral alleles: A, a
e Frequency of the A allele: © =ns/N

e Wright-Fisher model: At each time step, each individual ¢ of
the new generation picks up a parent at random and copies it



Random drift in the neutral case

The Wright-Fisher model




Random drift in the neutral case

e Probability that na(t + 1) =n, given na(t) = Nz(t):

N

n

pa(t+1) = ( )Wt))"(l — ()"

e Assume N > 1, + <z < 1— %, then

B (z — x(t))?
Prob (z(t + 1)=z) o< exp <_2Nx(t)(1 = m(t)))

o Ax(t)=x(t+1)—z(t):

(Az(t) =0  {((Az()?) = M



The diffusion equation

Fokker-Planck equation:

2
9 pla 1) = o ({Aa), pla, 1) + 5 wrg ((A2%), D, 1)

In our case
op 1 0?

9t~ 2N 0z2 (z(1 — ) p(x,t))



The solution in the neutral case

Set p(l‘,t | Zo, 0) = Zn Cn(mo)xn(m) e_knt/(QN)
Eigenvalue equation:

z(l - x)X;:(z) +(1— QI)X{!L(I) + AnXn(z) =0

Boundary conditions: = 0,1 are singular points; we require
xn(0,1) finite Vn

Initial condition:

p(z,0 | 20,0 ch (zo)xn(z) = 6(x — 20)

Solution in terms of hypergeometric functions:

Xn(@)=F(1l—-n,n+22x) An =n(n+1)



The solution in the neutral case
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The solution in the neutral case
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The solution in the neutral case
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The solution in the neutral case
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The solution in the neutral case
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The solution in the neutral case
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Initial condition z(0) = 0.1
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Initial condition z(0) = 0.1
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Initial condition z(0) = 0.1
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Initial condition z(0) = 0.1
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Initial condition
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Initial condition z(0) = 0.1

t=15N



Results

p(x,t) decays exponentially: p(z,t) =~ 62(0)(1 — 2(0))e~*/N for
t>N

Probability that A and a coexist at generation ¢:
Qt) = fol dx p(x,t) decays with the same rate (p(z,t) is flat)

However, p(z,t) becomes flat later when z(0) # %

What is the probability of fixation of allele A as a function of
2(0)?



The backward equation

p(z,t | zo,to): Conditional probability that z(t) = x given that
z(to) = o

Consider the effect of a single-generation sampling near ty:

z(to + 1) = zo + Az

Equation for p(x,t | zo,10):

1 0%p
<A$0>x0 ajL 5 <A$O> 87%

e In our case



The fixation probability

P(t,zo,t0) = p(1,t | zo,t0): probability of being fixed by time ¢

“Ultimate” fixation probability: pi*(zg) = lim o P(t, %0, to)

From the backward equation we obtain

d2pﬁx
da

=0 z € 0,1]

Boundary conditions: p*(zo=0) = 0 and p™(zo=1)

Solution:

X

p 370) = Zo

12



Wright-Fisher model with selection

e Population of N haploid individuals, two alleles A and a
e Fitnesses: wya, w,

Probability that an individual with allele A is chosen as a

parent:
NAWA NAWA T WA
gA_ZN C nawa +naws  awa + (1 —2)w
j=1 w; LAWA ba Wa VWA L) Wa,

Probability that na(t+1) =n:

palt+1) = (JZ) "1 )N

e Average and variance:

(wat+1) = &
(@alt+1) = @alt+ 1)) = €a(l—€a)/N



Selection and drift

If the first human infant with a gene for levitation
were struck by lightning in its pram, this would not prove
the new genotype to have low fitness, but only that the
particular child was unlucky.

John Maynard Smith



Selection and drift

Set wa =1+4+s, wa=1, s<K1

Then &a = zwa /(zwa + wa(l — 2)) = (14 s)z/(1 + sx)

Then (Az), (m(t +1) —z=sx(1—2a)/(1+sx) ~sz(l—ux)
and (Az?) ~ (z(1 — z)/N)

Diffusion equahon for p(x,t):

2
%:_s%(m )p)-i—%%( (1—2z)p)

Solution in terms of spheroidal functions...
—Xt/N

Asymptotically p(x,t) o< x(x)e



Solution with selection

The long-living eigenfunction:

The leading eigenfunction x(x) for several values of s



Solution with selection

The decay rate:
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Leading eigenvalue A as a function of Ns; decay rate: A\/N



The fixation probability with selection

e The backward equation:

dp
9p _ 1 — ) 2
Btg sxo(1 — o) . +

e Stationary solution:

apﬁx
8x0
pﬁx(mo) _ 00701672]\78920

1— 672Nsa:g

— 01672Nsmu

1— e—2NS

e In particular, for s — 0, p™* — x

16



The fixation probability with selection
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Fixation probability of a single mutant

1

N

e For a single mutant 2o =
e Thus

pﬁx _ 1—e?

1 —e 2Ns
e Limits:

© s>0, Ns>1: pi¥~1—e72 (for s < 1, pi* ~ 25)
® 5<0, |Ns/>1,p™*~0
o |Ns| <1, pix~ L



Fixation probability of a single mutant
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Frequency needed to obtain fixation

How large must be z to be “almost sure” that a beneficial
mutant fixes?

e Solve
P =1—~

For Ns>> 1 we have p™(z) ~ 1 — e 2V, thus

«_ logy « _ logy
YT TONs T M T T

The fate of the mutant is determined in its initial phase, where
it undergoes a branching process—the size of N is irrelevant!



Substitution rate

For a new mutant, o =

For a neutral mutant, s =0, thus p™ = zq = &

If w is the mutation probability per genome and generation,
the expected number of mutants per generations is uN

Of these, only a fraction % reaches fixation, i.e., produces a

substitution

Therefore the rate v of neutral substitutions in a population
with mutation rate u is equal to u:

substitution rate = mutation rate

independently of the population size IV



The Moran model

Overlapping generations individual-based model:

Initial population

Select for reproduction

Select for death Replace




The Moran model

e Selection: pkill(A> =1-—s, pkin(a) = 1l
o At =%; Anp € {-1,0,+1}
e Probabilities:

e n
P_1 = Nl (1 — S)WA
~ ——

Pl"Obrepr((L) Probyi (A)

= (1-s)z(l-x)
nA N
P = = = —
1 NN z(1—x)
Py = 1—(Py1+P)

20



The Moran model

e Thus, for At = &, s < 1:

(Anp) = Py —P_q=sz(l—2)
<(AnA)2> = Py+P=02-sz(1-2)~2z(l-2)
e The diffusion equation for the Moran model:
dp 5} 1 02
rrie —%(Sx(l—ﬂ?)p)+ N @(I(l — z)p)
~—
= 1/2N for WF

e The devil (or God?) is in the details...

20



Adaptation and drift

Mustonen and Lassig, 2005-2010

Finite population of size N, r alleles, Moran model. Effects of
mutation and selection:

d.Ij 8<I>
E:zk:rjkaix; q):<f>w+2a:,uo<10gxa

Ljr(x) = e wi# ' positive definite
z;(1—z5), fji=k

21



Adaptation and drift

Mustonen and Ldssig, 2005-2010

e Random drift: € — = + &

N — - J _ o Ljk(x)
(), =0 (€6) =205

e Fokker-Planck equation for the pdf P(x):

oP 1 0
ot Zaxj{ 9z L0+ N g (Fﬂ"P)}

L) 1 0P

- St ( P+Naxk>

21



Adaptation and drift

Mustonen and Ldssig, 2005-2010

e =0 LlogdetT; detT =[], Za
e Stationary solution:

PYx) o elVe — (detD)teN® = PyeN e

Py(x) o H g1 Na

e Thus, for a static fitness function f,

= /dac PY(z)log 1:(:1(:3)) = Dxu (P Po)

Kullback-Leibler divergence

Dxw(pllg) = Zpk log — 1)

21



cAMP-response protein binding loci in E. Coli

Mustonen and Ldssig, 2005

e Factor binding sites are short DNA sequences which bind
activating factors

e Small mutation rates: N <1 = Population becomes
monomorphic (z = (za) — das)

pg = Prob (z = 6,,) x eNfs

e It is reasonable to assume that their fitness depends on their
binding energy £

e One can expect a linear model for E(0), 0 = (01,...,04),
o; € {A,T,G,C}
- %(0)
E(o) = € (o; with ¢;(0) = ¢glog —
(0) =2 eilor) (0) = colog 2 23

po(o): background nucleotide frequency
22



cAMP-response protein binding loci in E. Coli

Mustonen and Ldssig, 2005

Log histogram P(E) of binding energy E for 520729 CRP-binding
loci in E. Coli. Compared with

P(E) = (1= \)Py(E) + APy (E)e*NF(E) | The inferred form of
2NF(E) is also plotted. (W-F model)

22



Thank you!
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