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Chains of Subgroups as Dynamical Symmetry of a System

The system Hamiltonian is usually more complicated: H = Hpee + Hint

U[f)l
oe) " SUG)®SUQR) U)o UQ)
SUIBOQ2)
" ‘-L----""--L‘ v .:
0(3)&0(2) 0(3)&0(3) UGS U e ()
——0(3)

Figure: Chains of subgroups within the Interacting two-vector-boson model of
collective motions in nuclei [1].
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the R-matrix Quantum Matrix Group

The Hopf-algebra relations among the regular functionals I,-Ji [2]:
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the R-matrix Quantum Matrix Group

The Hopf-algebra relations among the regular functionals I,-Ji [2]:

Co — Multiplication : A(/;F) = Z l'.jkE ® /25' , (1)
k=1
Co — Unit : 5(/3-:) = 0j, (2)
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the R-matrix Quantum Matrix Group

The Hopf-algebra relations among the regular functionals I,-Ji [2]:

n
Co — Multiplication : A(/;F) = Z l'.jkE ® /25' , (1)
k=1
Co — Unit : 5(/3-:) = 0j, (2)
Z RI_JIr,mPI;kl[.; = Z IJ; l/jnR;p,kh (3)
m,p m,p
+ £ + £
Z Rij'—,mp/mk/pl = Z /jplimRr—rtp,kl' (4)
m,p m,p
n
[li=1 W=1=5i  ©
i=1

I,.T:O for i>j and [; =0 for i<j (6)

The last two relations are utilized for the Special matrix groups.
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Reshetikhin's R-matrix for A7 ; and its matrix realization

For the A7 | algebras the explicit form of the R™-matrix is given by:

Z eii ® ejj + Z €i @ ejj Z €ij & €ji (7)

i#j=1 i<j=1

where ej; are n x n matrixes with elements (ej;)km = 0ik0jm.
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Reshetikhin's R-matrix for A7 ; and its matrix realization

For the A7 | algebras the explicit form of the R™-matrix is given by:

= ; qzeu®ell+ Z i & ej + Z €j @ €ji (7)

i#j=1 i<j=1

where ej; are n x n matrixes with elements (ej;)km = 0ik0jm.
This leads to the following relations for /,-;TL :

Ui = = @0 = ) + (= a G - ) @)
\,_/ N——

'im 'is 'im lis
i=j m=s m>s J>i
[1m7 jS] ( )(Iljnl_/g_ljs IlJrrn) ( )(ljmller_l_/Jrrn/ls) (9)
——
i=j m=s m>s j>i
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Cartan-Weyl basis for the g-deformed A7 ,

the Mixed Commutators

The g-number is defined as [x]y = qX:Z:I and used as follows!:
g7 2
1 _ L)
i 0 Mo vEe ) v - r L

iy I

L can be replaced by ?Ui fi(a, H) which will modify (11). An example of such a mapping from su(2) to a deformed

yE

i

sug(2) has been given in [3].
ICTP-SAIFR, Oct 2019 7 /18
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Cartan-Weyl basis for the g-deformed A7 ,

the Mixed Commutators

The g-number is defined as [x]y = q;:g: and used as follows!:

o F

(Vi Yl = [Hila i <Jji Hy=Hi— A, [Hy, Him] = 0 (11)

Yem Yi1=(a—=a )Y Yima Y5 Yol =(a—a )Y, Yia'n

J>k>i>m k>j>m>i
[U, Y, 1=0j>i>m [U, ,;]—0k>j>i
[Y,f,Y]——Y;fq”'kJ>k>l [V Yl ==a"Y k>j>i

Y Yl = Y j>i>m [Y,f,Y]—quY+J>m>l
Y+ Y=]=0 {k>1>:>m,k>m>1>/
g T kml T

j>k>m>i j>i>k>m
1

i

YE can be replaced by \?Ui fi(a, H) which will modify (11). An example of such a mapping from su(2) to a deformed
sug(2) has been given in [3].
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Borel subalgebras B+

Borel subalgebra : BT Borel  subalgebra : B~ (12)

[Hik, Y;] = (ej — ek, — es)YJ-;r [Hi, Y] = (6 — ek, 6 — &) Yy

Y Yol =Yy i<k<i Y7l . =VYe i>i>k

Vi, Yi1,=0 i<j<Kk [Yig: Yyl =0 i>k>j
[ij,Y,j*qzo i<k<j Yie: Yl =0 i>j>k
Y7 Yil=0 i<j<k<m [Y7,Y ]=0 i>j>k>m
Y Yl =0 i<k<m<j [Y7,Yo]l=0 i>k>m>j
Vi Yi1=(@—a)YiYe Yy Yil=(@-a )YV,
i<k<j<m i>k>j>m

where (e, ¢;) = d;; and the g-commentator is [A, B], = AB — qBA.
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the Hopf-algebra structure

From the definition of the Co-Multiplication A(I} ) =31_, i ®[5 and
the Co-Unit s(lU ) = 6jj one has the following co-algebraic structure .

AHj=Hy @ 1+1@ Hy; e(Hy) =0 S(Hy) = ~Hj

q:2

(V) =F L0 Yi=7F q‘fqil; Y =0i>k; Y, =0i<k
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the Hopf-algebra structure

From the definition of the Co-Multiplication A(I} ) =31_, i ®[5 and
the Co-Unit 5(/U ) = 6jj one has the following co-algebraic structure .

AHj=Hy @ 1+1@ Hy; e(Hy) =0 S(Hy) = ~Hj

q:2

(V) =F L0 Yi=7F q‘fqil; Y =0i>k; Y, =0i<k

AYF=F(a-q g™ Y. Yigtie Vet
i<k<j or (j<k<i)
(13)
Applying the standard definition of the antipode S:

mo(id®S)oA=mo(S®id)oA=ioe

recurrent formula for the antipode of the generators YU :

S(Yi)=—q"Yy £a—-qgHg™ Y YEs(Yy)  (14)

i<k<j or (i>k>j)
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the g-boson algebra A_ (n)

g-boson creation and annihilation operators a?t and their g-boson number
operators N; as in [4, 5, 6, 7].

i

ai_a+ _ q:Falf"al__ = qiN" and [N,', aji] = :|:5,'jaj-t (15)
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the g-boson algebra A_ (n)

g-boson creation and annihilation operators a and their g-boson number
operators N; as in [4, 5, 6, 7].

arai —qtafa; = ¢V and [N;, a}—L] = ié,-ja?E (15)
The irreducible Fock representations rE,m] with a vacuum state | 0 > such
that a; [0 >=0, N; | 0 >=0:

n + m n
I'[m] {|m>=|m,....,mp, >= H 5/1[)7]' |0>, |m= Zm,-} (16)
mi i=1
with the following properties: dim F[ ml _ %
N|m>=m|m> where N:ZN,-. (17)

i=1

V. G. Gueorguiev (IAPS & RIIS) i @ A" C A" ICTP-SAIFR, Oct 2019 10 / 18



g-boson realization of the A7 ;| generators

Cartan-Chevalley generators (Sun and Fu in [4] ):

_ + _ vt - — y-
Hi = Hjjit1, Y, - Yi,i+17 Yl - Yi+1,i
Hi=Ni—Nig1; V" =afa 0 Y7 =aa; (18)
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g-boson realization of the A7 ;| generators

Cartan-Chevalley generators (Sun and Fu in [4] ):

= .. + I Ve
Hi = Hi i1, Yi Y”+1, Yi - Yi—i—l,i

N Noss s Y — gt s e
Hi=Ni = Nip1: V" =afa;,1 Y = a9

The operators N; can be expressed using H; (18) and N (17):

n s—1 i—1
7N+ ZZHJ > H
s 2 j=1 j=1
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g-boson realization of the A7 ;| generators

Cartan-Chevalley generators (Sun and Fu in [4] ):

Hi=Hiiv1, Y7 =Y, Y7 =Y,
Hi=Ni— Ny s Yim=afag, ;Y7 =ala) (18)
The operators N; can be expressed using H; (18) and N (17):
n s—1 i—1
f/v + Z > Hi=> H (19)
e gt j=1

The additional generators that extend the Chevalley basis (18) to the
Cartan-Weyl basis (11) can be obtained by utilizing the second set of
relations in the Borel subalgebras B+ in (12):

F Z N

Hi = Nj = N;; Vi = afa;q "<ksiorUsksd (20)

ICTP-SAIFR, Oct 2019 11 /18



the A"~! homomorphism mapping

Proposition 1:

)?lf H, and Z*s, H* satisfy the relations within Azl_l and AZz_l.

Al Al 1 ®.. AT (21)

lAL_lgm

n

® will be dropped and the index s (or u) will indicate of the tensor space.

k2
ko ko i Z sign(o — s)H;
= SHe K = AR = St e @

ICTP-SAIFR, Oct 2019 12 /18



Explicit g-boson and A*~1! realization

ka
5y sign(o = s) (N7 = N7,y)
ZaJrs ;j—lq o#s,0=1

CY sign(o — (NG — N5
Z+s Za s —5+1 o#pu,o=1

ki
y LY sign(o — p)(Ng — N3

ICTP-SAIFR, Oct 2019
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Understanding the g-bosons within X# and Zs

S

inX:a*=id®.. ®:d®?®:d® ® id
ko
p

whilein Z:a* =id® .. ®:d®?®:d® ® id
ki

However in both cases, they satisfy the same relations:

[afs, aF ]—Oforallstu, [afs,a,f] =0for all s # t; u # v

" 2 oy s 25
[ s, :Vl:t —:|:(S 55 ta a—sa+s_q$13+s ;s_qiN ( )

Proposition 2:

The algebras ®*A; (ki) and @ A (ky) constructed by the g-bosons az-* are
isomorphic to the algebra A;(klkz) constructed by the g-bosons a,i.
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The Splitting correspondence

The Splitting correspondence: i <> (p,s) (ka < ki) [8]:

i<—>(,u,s) I":].,...,klkg; le,...,kl; s=1,...,k
= 1+int[%] where int [x] is the integer part of x (26)
s=1+4+(i—1)mod(k:), i =(p—1)ko +s.

Proof of Proposition 2:
It follows from the introduction of (26) in equations (15) and (25).
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The Splitting correspondence

The Splitting correspondence: i <> (p,s) (ka < ki) [8]:

i<—>(,u,s) I":].,...,klkg; ﬂzl,...,kl; s=1,...,k
= 1+int[%] where int [x] is the integer part of x (26)
s=1+4+(i—1)mod(k:), i =(p—1)ko +s.

Proof of Proposition 2:
It follows from the introduction of (26) in equations (15) and (25).

Aj _y and A] _, have realizations within the algebra A (kik») - see (24).

Proposition 3:

The generators )N(ljt H, commute with the generators Z*°, H*. [8]
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The explicit embedding A} _, @ A] _; C AL, _,

By using (19), (20), and the isomorphism (26) the generators of A} _; and A} _;
in (24) are expressed through the generators of Azlkz—l in the following way:
k1
1> sign(o — WMo —1)ky+s
Z (n—1)kp+s9 o7 o=t

kl (n—1)ko+ky
ZH(LL*U‘QH P Hy = > Hs, sk
p=1 s=(u—1)kp+1
(n+1)ky
; +
(1+1)ky 3 > sign(v — )Hy iy, + A¢ @7
gt — + vt v=pky+1
= Yi—tg,t4 2
t=pky+1
(n+1)ky
(t1)ky % Z sign(v — t)Hkazyl/ +A;
S— _ vt v=pky+1
Xu - Z i t—kz
t=pky+1
+ k-l e =
N =B N+ o)t 3 Mo
o= d:t7k2+1

The difference A between the expressions for Z%5 and )?,f is due to the ordering of indices in (26) which leads to the
appearance of different terms qiNk in the q-boson realization (20) of the Chevalley and the additional Weyl generators. In the

expression /\,:i the operator N , in g-boson realization has the meaning of a total number of bosons operator.
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Conclusion and Q&A Discussion
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Conclusion and Q&A Discussion

Proposition 4:

The elements )?!jt I:IM of AZl_l and ZES H° of Azz_l defined by (27)
belong to the algebra AZI,Q_l and provide an explicit embedding

Azl_l ® Azz_l C Azlkz—l in the g-boson realization (20) of Azlkg—l 8]
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Conclusion and Q&A Discussion

Proposition 4:

The elements )?!jt I:IM of AZl_l and ZES H° of AZ2_1 defined by (27)
belong to the algebra AZIkZ_l and provide an explicit embedding
Azl_l @ Azz_l C Azlkg—l in the g-boson realization (20) of Azlkg—l 8]

The construction relays on:
o the A"~! homomorphism mapping taking AZ—I into ®”AZ_1,
@ g-boson realization of the A7, generators,
o the isomorphisms A, (mn)~ ®@"A; (m)~ @™AZ (n).

FOR YOUR TIME AND ATTENTION!
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