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Introduction
e0

Conceptual idea of lattice determinations of o

o We compute observables on the lattice at sufficiently high scales for the
weak-coupling approach to be applicable

@ We compare continuum extrapolated lattice results to perturbative
results in MS scheme to determine parameters

C The QCD static energy of a (static) quark-antiquark pair (2010-2019) ]

o The scale is set by the (inverse) size of the system, v =1/r

o Other scales are involved, i.e. the ultra-soft scale pus ~ as/r
o The static energy receives contributions from the singlet potential

e renormalon subtraction required in the dimensional regularization
o diverges as ~ 1/a towards continuum limit of the lattice regularization
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Introduction
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Bibliography : QCD static energy of a quark-antiquark pair
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Lattice QCD
o0

Why lattice QCD?

o QCD is fraught with UV divergences that need regularization

o Regulators break symmetries or introduce unphysical properties and
introduce some artificial scale p

e We must remove the regulator before comparing to the real world

4 M
e The lattice approach regulates UV divergences through a finite

lattice spacing and IR divergences through a finite box size

e The lattice explicitly respects gauge invariance, but explicitly
breaks rotational symmetry and distorts chiral symmetry

o The lattice regulator can be systematically improved, i.e.
discretization effects can be reduced via EFT methods and/or
by brute force (smaller lattice spacing, larger box size)

e The lattice approach lends itself to perturbative and

non-perturbative studies of QCD
_ /
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Lattice QCD
oce

Gauge ensembles

o We use the (rooted) Highly Improved Staggered Quark (HISQ)* action
for two degenerate light quarks and a physical strange quark

o We use the tree-level Symanzik-improved gauge action

o Discretization errors of HISQ action scale as asa’ and a*

o We use high statistics ensembles generated by the HotQCD?®
collaboration for a study of EoS with a pion mass of m,; ~ 160 MeV
and a kaon mass of mx ~ 504 MeV in the continuum limit.

o We also use extra ensembles generated for another study of EoS at
high T with a pion mass of m, ~ 320 MeV in the continuum limit®

o We use (rQ%)r:r1 =1 to fix the lattice scale, n = 0.3106(14)(8)(4) fm.

Ny* x Ny a~'[GeV] # TU

N2 x N, a![Gev] # TU

48* <24 816K . .
48% x 64 <32 8-9K 24814 <2'749 32
64* <49 9K = e °

“Follana et al. [HPQCD], Phys.Rev. D75, 054502 (2007)
®Bazavov et al. [HotQCD], Phys.Rev. D90, 094503 (2014)
®Bazavov et al., Phys.Rev. D97, no. 1, 014510 (2018))
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Static energy
®000000

Static quark-antiquark energy

~

-
o Static energy determined from large-time behavior of Wilson loops
.o.d . m
E(r) = lim i—(InW(t,7)), W(t,r)=-exp1ig dz"A,
t—o0 dt Jort
e Known in perturbation theory @ N*LL (dimensional regularization)
o Nonperturbatively calculable in the lattice regularization
e For r < 1/Aqcp both schemes must agree, with hierarchy of scales
1 Vs _C Qs
= >V, — Vo> Aqep, R — 1F —
r Vo +an; r
N
G — N
80 0.1 02 ; 0.3 0.4
=
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Static energy
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Static quark-antiquark energy in perturbation theory

~

-

@ Static energy determined from large-time behavior of Wilson loops

G=axs 3
= (1 +#as +#a2 +#ad +#adinas +#al in? as +#adinas + .. ) @ N°LL

E(r) = Ag —
.

o US contributions to the static energy can be understood in pNRQCD

E(r) = As + Vs(r, pus) —
——

~InK(rpys), k=1,2,...

include the singlet potential and the
o Potential nonrelativistic QCD (pNRQCD) Lagrangian’ at NLO

LHNRQCD = Llight +/ & tr {5”"@0 — Vs(r, v, pus)ISH) 1Dy — Volr, v, uus)lo}

T VA, v, pius) tr {o*r - gES+5str. gEO}

+ Vg(r, v, piys) tr {O*r-gEvoTOT.gE} .

\

"Brambilla et al., Nucl. Phys. B566 (2000) 275
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Static energy
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Dealing with the mass renormalon of the potential

~
o The singlet potential is affected by an r-independent renormalon
E(r) = As + Vi(r v, pus) + ,
@ May absorb renormalon into residual mass:
RS(v) = As — AS(v),  VEo(r, vy pus) = Vi(r, v, pus) + A (v),
E(r) = RS(v) + VZ(r,v, pus) + ,
N J
-
e Or, to avoid both large logs In(rv) or an r-dependent renormalon term
= compute the force, resum the logarithm via v = 1/r, and integrate®
F (r, }) _ OE(r,v)
r or 1
Jd ,1
E(r)= / dr'F (r’, —/) + const
g i
N o

8Garcia i Tormo, MPLA 28 133028
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Static energy
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Force at N?LO

o The force at N®LO with v = 1/r

F (r,u = %) = %as(l/r) [1

+ as(1/r) (51 - 2/30)

2

A7
(- )
' a(sgr;; ) (5 — 620 — 4351 25
obin 20/ O(ag,ag.nzas)],

o The ultra-soft scale gives rise to the Inas(1/r) term®
Vo — Vs Ca
In (T) —In (ru) =In (? as(l/r)) =In (ruus)

°Brambilla et al., Phys. Rev. D60 (1999) 091502
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Static energy
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Leading ultra-soft resummation

F(riv=1/r) = %as(l/r) [1

e 2)

02(1/r) 3 | os(ius)

(4m)% 280  as(1l/r)

02(1/M)as(ps) | Cacs(1/7)
(47)3 E 21 fhus

+

3
! a(ﬁg ) (3 — 6360 — 4351 — 2 ) + O(ad)|.

Ca as(1/r)

3
- FN LO
-

o Ultra-soft scale pus = , recover in limit pus — 1/r

11/24



Static energy
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Fitting lattice results of the static energy (2014)

B=7:825 - Nig=9

p=7825 -~ Nref=7 - 3100p

@ 1<0.75r;
15] 15
0.066 0.066
O r<05ry
Lo 0 r<0.45r; m - —
K 2
< °
0.062 0.062
5 5
0.060 0.060
&
0 L £ o
reelevdl Tioop Zioop 3ioop <061, <0550, <050, <0450,

6ifferent perturbative orders

o x?/dof reduces for higher
orders at shorter distances
= Weak-coupling suitable for
static energy for r < 0.15fm

o At shortest distances little
sensitivity to perturbative order

_

When going to shorter distances

o Statistical errors increase

@ Perturbative errors decrease

Perturbative errors estimated from

g g 1
° 1 riation v = ——
scale variatio 7 to

@ soft higher order term ++#

V2

S

EYIN

@
r

/
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Static energy
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Perturbative uncertainty in the 2019 edition

PF(rlr)

2loop

Ultra-soft logs are small — use three-loop with leading US resummation

Soft scale variation generates the dominant uncertainty at three loops
2

More conservative soft scale variation in 2019 edition: v = % to =

Nonmonotonic scale dependence is a common effect in EFTs, whenever
the error is estimated from scale variation, is minimal for v ~ 1/(v/2r)

Variation of ultra-soft resummation included in the error budget
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®00000

Static energy on the lattice: 2014 vs 2019

0.5
0 ry V(n) 1 V(r)
ol
Y -0.5
-05 B=6.740 ak )
=6.880 ra
. & B=6.950 wx: 5 F e T0308S]
Ef E:;.?gg = 2 f 8,000 -
7 A 8.200
-1.5 L] $=7.280 25F < 8.400
. B=7.373 e sl 4
2 B=7.596 =
B=7.825 = 35t
25f . abt
0 0.2 0.4 0.6 0.8 1 1.2 0.1 02 03 04 05 06 0.7 08 09 1
2014 edition'®, a=! < 4.9 Gev 2019 edition, a=! < 7.9 Gev
e Smallest distance r = 0.04 fm @ Three extra fine lattice
@ Perturbative errors dominant spacings at T =0
o Very light pion m, = 160 MeV ° h‘lcludo Afor sh()rt(“st distances
) . s singlet free energies at T > 0
o Consistent with 2012 edition = a 1< 22QeV

0Bazavov et al., Phys. Rev. D90 (2014) 7, 074038
1BRazavov et al. [TUMQCD], arXiv:1907.11747
12Bazavov et al., Phys. Rev. D86 (2012) 114031
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Static energy
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Wilson loops vs Wilson line correlators in Coulomb gauge

Wilson loops on the lattice Wilson line correlator on the lattice

+ Explicit gauge invariance — Must fix some gauge, i.e.

— Cusp divergences due to corners Coulomb gauge

— Extra cusp divergences for + No corners, no cusps

off-axis separation + On- and off-axis separation

— Self-energy divergences due to have same divergence

spatial Wilson lines + No spatial Wilson lines
0.3555 7‘aE(|,0“0) ‘ ;HVP ‘ ‘ 0.59 [aEe2d ‘ ;HYP
A © 2 Hyp —%— 2 Hyp —%—
0355 | 1 Hyp —A— osss b A 1 Hyp —A—
- v 0 Hyp —— 0 Hyp —6—
Coulomb —8— v Coulomb —8—
03545 o 4 ° gs fit % 058 [ S gsfit
A
Y oa v
"‘354’535585..,-.§L¥ 0575 | g ;%
_____ s-tell A
0.3535 |- EJEJHE:;:‘E,_%B.LI.Y
os7f pilaiLE ]
0.353 |
w4 0565 L 4

o Same ground state for both, but Wilson lines technically favorable

e Distortions at small distance and time for both operators
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Static energy
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Lattice artifacts in the static quark-antiquark energy

o The static energy at short distances has percent-level lattice artifacts

LW, all —=— 0.025

LW, on-axis o 1ER G ByEONY )
0.06 Wilson, all —e— 0.02 |
Wilson, on-axis aas s i

£6.740 —e—

EY(ry/ES" (1)-1
o
o 8
gb
b .
{
\
.
—e— 4@
¥
L L
[ -
I -
G-

r/a)
1 15 2 25 3 35 4 45 5 1 V2 V3 2V5V6 V83 V12 4
rla

e Improved gauge action (Luscher—Weisz) — reduced symmetry breaking

la
o Tree-level correction (TLC): ;Ttt((?) for OGE without running coupling

o After tree-level correction — smaller, similar pattern of lattice artifacts®®
o Impasse: only data with r/a > /8 omitting r/a = /12 are safe

@ Way out: estimate the artifacts = nonperturbative correction (NPC)

13Bazavov et al, Phys.Rev. D98 (2018) no.5, 054511
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Static energy
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nperturbative correction of the static energy

Kirfa = 1)) (Kir/a = 2)) K(r/a =V 3))

00s 01 01 02 005 01 s 02 00s 0 01 02

(K(r/a =V 5))

ot

Estimate continuum static energy using fine lattice using r/a > V5,
determine corrections for coarser lattices

Estimate continuum static energy for r/a > 1 at N°LO with leading
ultra-soft resummation, marginalizing over Agcp in some window

= Extrapolate the corrections in boosted coupling a'** to finer lattices
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Impact of the lattice artifacts

0 T T T T T
riE + cons
-1+
F 4 011
EHISQ: 4 < v/a < V8 TLC +——t L d o1
z EMISQ: v8 < r/a < 5 NPC +——
E3L+US(0=0.1162)
F 4 0.09
E3L+US(0=0.1167) ——
E3L+US(0=0.1172) ——
0.08
3+ B
r/ry
- L 1 0.07
0.1 0.15 0.2 0.3 0.4

o Restrict lattice data to r < 0.14 fm ~ 0.45r; (perturbative regime)
o Analyze TLC data at r/a > /8 = artifacts are statistically irrelevant

18 /24



Static energy
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Impact of the lattice artifacts

T T T T T T 0.2
r(E + const)
0.18
0.25] g EHISQ: 1 < r/a < 5NPC —e— % %’
EMSQ: { < r/a < V8 TLC +—>—
T F 4 0.16
E3L+US(0=0.1162)
E3L+US(0=0.1167) ——
F 4 0.14
E3L+US(=0.1172) ——
F 4 0.12
B 01
1 0.08
r/ry
L 0.06
0.075 0.1 0.125 0.15 0.175 0.2

o TLC data at r/a < v/8 yield s smaller by up to 20 at bad x?/d.o.f.
e NPC data at r/a < v/8 are well-described by fit for r/a > /8
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Static energy
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Impact of the lattice artifacts

T T T T T T 0.2
r(E + const)
g 0.18
W) | EHISQ: 1 < r/a < 5NPC —e— % %’
EMSQ: { < r/a < V8 TLC +—>—
T F 4 016
E3L+US(0=0.1162)
E3L+US(0=0.1167) —— N 014
E3L+US(=0.1172) —— ’
-0.24 g
F 4 012
E = 01
§025 1 0.08
r/ry
L 0.06
0.075 0.1 0.125 0.15 0.175 0.2

o Combined analysis of lattice data with a < 0.06 fm, i.e., a/rn < 0.2
e Statistical and systematic errors reduced, while X2/d.o.f. is unchanged
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Static energy
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Systematic errors in the 2019 edition

min(r/a)  max(r)fm | o3t gstat Shsia Shsrs a2t
V8 0.097 | 0.1166 0.0007 *GO0L  *GTos  0.1167
V8 0.131 | 0.1167 0.0005 %09 3% 0.1168
1 0.055 | 0.1164 0.0005 ‘9905 9908  (.1164
1 0.073 0.1166  0.0004 *99%%% 0000  0.1166
1 0.098 | 0.1167 0.0003 %% 90 0.1167
1 0.131 0.1167  0.0003 5907 +O00L  0.1168

Must keep r < 0.1fm to enable the full soft scale variation
o For soft scale 1/(v/2r) < v < +/2/r stable against variation of max(r)

No leading ultra-soft resummation: o3t lower by ~ 70% &Pe'

Include r/a < +/8 to reduce all perturbative errors
@ r scale error: £1.7 MeV for Agep, £0.0001 for as(Mz, Nf = 5)

C AN = 3147 MoV, as(Mz, Nf = 5) = 0.116607 542 J
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Singlet free energy
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T > 0 data in the 2019 edition

- A = 01— ‘
Fg(r,T) [GeV] / —] TE-FglIT
0 0.08
Ne
— 10 —¥—
at 12 4
0.06 16 —8—
2 r 0.04
3T 0.02 ¢ s ¢
=¥
-4 F 0
5 rlfm] 1 -0.02
0.01 0.02 0.03 0.06 0.1 02 03 0.6 1.0 1 15 2

o Singlet free energy for T > 0 with much finer lattice spacing®® (no pion)
o Fs defined via Coulomb gauge thermal Wilson line correlator: 7 =1/T
o T > 0 effects exponentially suppressed for as/r > T, ie., r/a < asN,

e Nonconstant T > 0 effects are numerically small for r/a < 0.3N, due
to compensation between static gluons vs nonstatic gluons and quarks

Bazavov et al, Phys.Rev. D98 (2018) no.5, 054511
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Singlet free energy
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as from T >0

T T T T T T T
0 f riE + const A
2F "',-"' ]
- F 4 014
.3 - _ # i
el L 4
al - 1 0.12
,»"/ FESQ: v5 < r/a < V12 NPC
5L ; 1F Ho01
= FHISQ: 1<ra< 2NPC +——
6| = E3L+US(q=0.1166) ---- ] = - 0.08
7L 4 1 0.06
B 4 1 0.04
r/ry
9 E, . . L . e N
0.025 0.05 0.1 0.15 0.2 03 04

@ Restrict N, =12 data to r/a <2 or 3, ie., r <0.17/T or 0.25/T
e Cannot avoid the nonperturbative correction for the lattice artifacts
o Restrict to tiny distances r < 0.03 fm to reduce the perturbative error
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Singlet free energy
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N, max(r/a) max(r)fm | a3 gorar YA YN -

64 2 0.057 0.1165 0.0006 +9990%  +990%  0.1164
64 2 0.078 0.1166  0.0005 +9.9%0¢  +0.00%0  0.1166
64 2 0.096 0.1166  0.0005 T99%0¢ OO 0.1166
12 2 0.057 0.1165 0.0007 90008 +0 00 0.1164
12 2 0.078 0.1166  0.0006 9902 9008 0.1166
12 2 0.091 0.1167 0.0006 199008 +0.000  0.1167
64 3 0.055 0.1164 0.0005 +9990%  +O00%  0.1164
64 3 0.073 | 0.1166 0.0004 %% 99 0.1166
64 3 0.096 0.1167 0.0004 75900 0002 0.1167
64 3 0.134 | 0.1167 0.0003 9300 *O%0L  0.1168
12 3 0.055 0.1167 0.0005 30007 OO  0.1167
12 3 0.073 | 0.1168 0.0005 07 OO 0.1168
12 3 0.096 0.1168 0.0005 *999% 000  0.1168
12 3 0.133 | 0.1168 0.0004 3%  *9%02  0.1169

CComplete agreement between as from T =0or T >0
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Summary
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Summary

o We determine the strong coupling constant as from the static energy
using 6 lattice spacings with more conservative perturbative errors and
from the singlet free energy using 15 lattice spacings (and two N;)

Static energy 2014 2019
as(mz, Ny = 5) 0.116675 0002 0.116607G 00C
Aqen(Nf = 3) 315118 MeV 314735 MeV
Soft scale uw=1/max(r) 22/n pw=1/max(r) 2 4/n
Singlet free energy past 2019
as(mz, Ny = 5) NA 0.116387G 0000
Aqep(Nf = 3) NA 31111 MeV
Soft scale NA w=1/max(r) 2 10/

23 /24



Summary
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Running of o at low scales

0.56 - T T T T T
s 12,9 w futerror gugget £ :1

0.55 FryAN= =12 w fll error budget E
/s Ny=12, 0.008; 20,0361
215 00557 120028

0.54 | T 0.02 i E|
1IpeE ;

053 F T =000 fi E
T = 0,00 fi

) | R e 3

3

e oy e
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
15

16

@ 2019 quarkonium correlators
e 2014 TUMQCD static energy'’
e 2019 static energy and singlet free energy®®

15

16pp, JHW: Phys.Rev. D100 (2019) 3, 034519
1"Bazavov et al., Phys. Rev. D90 (2014) 7, 074038
8Bazavov et al., arXiv:1907.11747
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Coefficients of the force — color factors and beta function

e Color factors: Crp = —5—, Ca=N., Tr = >
e Beta function:
das(v) a? = (as)" s ((y5>2
- — % s} IR &5 ]
dinv asB(as) 27 Z A7 A as | fo 47 +h 47 u
n=0

o Relevant coefficients explicitly contributing to the force:

11 4
= —Cap— =TgN¢,
Bo 3 CA— 3 TFNF,

34 20
B1= ?Cf\ - KCANFTF —4CeNf T,

2857 1415 205 158
P2= Ca- ( 27 Cit + =g CaCr —2C¢ ) NeTE + (—CAJr*CF) NFTZ
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Coefficients of the force — other coefficients (I)

o Coefficients 3;:

& = a1 + 2vgpo,

2
3 =ax + <3 + 47%) B3 + e (42180 + 261),

33 = a3 + (872: + 2vem? + 16((3)) B3 4 2vep2

5 2
6axve + > (4‘/% + > 31} Bo

+| (202 +72) 68 + vt an + d

o Coefficients a;:

31 20
ag = —Ca— — TNy,
1 9A 9Ff
4343 , w22 a (1798 56 )
= — 44" — — +=(B3) | Ca— | — + =<(3) ) CaTEN
a (162+7F 4+3C())A 81+3C() A TeNf

55 20 2
- (5 - 1663) CeTems + (G Tenr)
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Coefficients of the force — other coefficients (II)

o Coefficient as:
a3 = a§3) N? + agQ) Ng + agl)Nf + ago),

2 3
$=-(3) 7
) 12541 368 647t 5 ( 14002 416 ) 5
= (22222 1 2% CaT2+ (== — 222¢(3)) C T2,
3 <243+3C()+135 ATE ol 35() FTE

1281
all) = (=700.717) C3 T + (— % +264¢(3) + 80((5)) CE T

286 296 18 — 6N2 + N4
—— + Z—¢(3) —160¢(5) ) C2TF + (—56.83(1)) ——<——=<
+ (5 + 5200 1600(5) ) R T+ (-56.83(1) gy
N3 +6N. 8 5
al?) = 502.24(1)C3 — 136439(12)L + §7r2Ci (_g +2vE + 2log 2)

. 2
o Coefficient a5: af = M%Cf\
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Quark mass dependence and topology

o Combine gauge ensembles with different light sea quark mass
= No statistically significant quark mass effects up to r =~ 0.5n
o Fine gauge ensembles with fully suppressed topological tunneling

= No statistically significant difference between static energy in
different topological sectors up to r ~ 0.5r, observed®®

1.003 —_— 1.01
1.0025 | 1.008 -
1.002 |
- 1.006
5 10015 | + <
3] 1.001 F EHJ :HJ + g Lo04p
3
2 1.0005 |- ; + H 2 1002 f
= = I
P 1L B S
[ o [ oo
S 09995 - s
> 0.998 |
0.999 |
0.9985 |- 0.996
0.998 N S gl o o
02 03 04 05 06 07 08 01 02 03 04 05 06 07 08

1y 1y

YBazavov et al., arXiv:1811.12902
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