
Higher-Point Functions with 
Hexagonalization

Federal University of Rio Grande do Norte

Thiago Fleury

IGST-2020 @



Special Thanks to:

Vasco Gonçalves



Outline
Introduction and Motivations.

Review of Hexagonalization and Two-Particle contributions.

The constraints and the decagon.

The higher-point correlation functions.

Conclusions.



Introduction and Motivations

The octagon is a big success!

Possible next steps are to deform the octagon and compute the 
decagon.

At the moment is very difficult to get finite g results with 
Hexagonalization in general. New resummation techniques.

Look for new structures and all loop relations. 
Non-planar integrability. 

(see Korchemsky’s talk)

(Coronado)
(Kostov, Petkova, Serban)
(Bargheer, Coronado, Vieira)
(Belitsky, Korchemsky)



New way of computing Feynman integrals. 

At one-loop, any n-point function of Half-BPS operators is in 
principle known. 

Study several interesting limits as the light-like limit, take OPE’s, …    

(Drukker, Plefka)

Very few results for higher loops and strong coupling.   
(Gonçalves, Pereira, Zhou)

(Eden, Korchemsky, Sokatchev)



Very Short Review

Half-BPS operators:

2 Integrability

In this section, we briefly review the hexagonalization procedure and its properties such as
the flipping invariance and the coupling dependence of several multi-particle configurations.
We also explain how the two-particle contributions at two-loop are computed and we give
their results.

2.1 Review of hexagonalization

The hexagon form-factors H were firstly introduced in [33] as an integrability based solution
to the three-point function problem in N = 4 SYM. The structure constants are written in
this formalism as a product of two hexagon form-factors and sums over both partitions of the
physical external states and complete sets of mirror particles living in the so called mirror
edges, we refer the reader to [33] for details and explicitly expressions. The sum over mirror
particles is equivalent to the insertion of a resolution of the identity and it is responsible
for gluing the hexagons back to recover the original object. The three-point function is an
example of a more general procedure called hexagonalization where the hexagons are glued
together to compute planar higher-point functions [34,35] and non-planar quantities [37–39].
In this work, only the sphere topology will be considered, i.e. only planar correlators are
going to be computed. In addition, all the external operators are going to be half-BPS
operators and consequently there will be no physical rapidities. This means that only the
mirror edges of the hexagon form-factors will have particles, see figure 1. Recall that a
half-BPS operator OL(x) is completely characterized by a null vector yI , its position xµ and
its length L and it is given by

OL(x) = Tr ((y · �(x))L) , (1)

where �I(x) are the six scalars of N = 4 SYM.

The general procedure to compute a planar correlator using hexagonalization is to first
list all tree-level graphs obtained by Wick contracting the operators and keeping only the
connected planar ones and the disconnected ones that can be embedded in a sphere. The
propagators connecting the operators i and j are denoted by dij = yij/x2

ij and the number
of equivalent ones (homotopically equivalent) connecting the operators are called the bridge
lengths lij. Representing the equivalent propagators as a single line and drawing them using
a double line notation, one verifies that the propagators divide the sphere into faces. If
the faces do not have an hexagonal shape (three physical and three mirror edges), one can
add additional lines (mirror lines) with zero bridge lengths connecting the operators in such
way that all the surface is cut into hexagons. In general, there are several ways of adding
these extra lines but the final loop corrected result must not change; this is a consistency
condition of the formalism and it is called flip invariance. The loop corrections for each
graph is obtained by promoting each hexagon to an hexagon form-factor and by inserting a
resolution of the identity in all mirror edges which means exciting mirror particles in those
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with y · y = 0

<latexit sha1_base64="jSPQKo2sn1IXVBfh6D+ziYzWEaM="></latexit>

and six scalars �(x)I

<latexit sha1_base64="2bns7kG2yVWN/io7naRHJ8qIbko="></latexit>

(Basso, Komatsu, Vieira)
(TF, Komatsu)

(Bargheer, Caetano, TF, Komatsu, Vieira)
(Eden, Sfrondini)

(Eden, Jiang, le Plat, Sfrondini)



Step 1:
Draw all tree-level graphs

dij =
yij
xij

<latexit sha1_base64="o5NufxSINNBBwzOGLpGIR8mpN7k="></latexit>

Propagator:

Bridge length (homotopically equivalent): lij

<latexit sha1_base64="CsWMkMOzCzlxY148WXJ0anNswkY="></latexit>
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Step 2: 
Divide the surfaces into hexagons.

Cut the surface by inserting a weighted complete set of states.

The Octagon

= + + + ….
1 4

2 3

1 4

2 3

1 4

2 3

Promote each hexagonal patch to a hexagon form-factor.



Boundaries of the moduli space; Stratification S

<latexit sha1_base64="CE2hxR6b76X97bj5rrfRNxNxXxc="></latexit>

Step 3: 

At its boundary, a torus degenerates into a sphere. 

(a)

(b) (c)



edges. Schematically, one has

hOL1(x1) . . .OLn(xn)i =

S ·

0
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(2)

where S refers to stratification and it is explained at length in [39]. It is a procedure to
properly take into account the graphs leaving in the boundary of the moduli space of the
surfaces, for example the disconnected graphs for computing the planar correlators. These
graphs can start to contribute at two-loop as the one-loop contribution was already proven
to be zero in general in [39]. The basic idea is that the e↵ective genus of a graph can
increase once virtual corrections are taken into account, this is similar to what happens in
usual perturbation theory. The disconnected graphs are harder to compute as they involve
more zero length bridges, fortunately they do not play any role in this work because we only
compute special polarized five- and four-point functions and they not show up.

In equation (2) all the elements appearing on the right hand side are known for any value
of the coupling constant g. The H ij , jk, ki

are the hexagon form-factors and the  ij are
the set of mirror particles leaving in the three mirror edges. Integration over the mirror
particles rapidities is assumed. The Wi,j,k denotes the normalized weight factor depending
on the flavour of the mirror-particles and on both the space-time and R-charge cross-ratios.
Its explicitly expression will be given later.

To get the finite g result of a correlator using hexagonalization is challenging as one has to
resum all the possible mirror particle configurations. As mentioned in the introduction this
can be done only for very special correlators at the moment. Nevertheless, for a fixed order in
g only a finite set of mirror particle configurations contribute because it costs factors of g to
excite new particles. To estimate the order in g that a configuration of mirror particles kick
in, one can use the rule described in the figure 1. In this work, we are going to compute special
polarized four- and five-point functions mostly at two-loops. In this case, only the one- and
two-particle contributions showed in the figure 2 where the bridges lengths can be zero or one
are going to be relevant. It is easy to verify, for example, that a contribution of two-particles
in the same mirror-edge kicks in at four loops or that a three-particle contribution with two
in the same edge and the other one in an adjacent edge kicks in at three-loops, see table 1
for a more complete list.

The one-particle contribution at any loop and for any bridge length can be computed
using the integrand given in equation (51) of [34]. The two-particle contribution at one-loop
was firstly analysed in [36] and its result at two-loop is computed in this paper. The relevant
cross-ratios to compute their contributions, see figure 2, are given by

z1z̄1 =
x2
imx

2
kl

x2
ikx

2
ml

, (1�z1)(1� z̄1) =
x2
ilx

2
km

x2
ikx

2
lm

, z2z̄2 =
x2
ilx

2
jk

x2
ijx

2
lk

, (1�z2)(1� z̄2) =
x2
ikx

2
jl

x2
ijx

2
kl

. (3)

There are a similar set of R-charge cross-ratios where the x2
ij are replaced by yij and they will

be denoted by {↵1, ↵̄1} and {↵2, ↵̄2}. In what follows, we will always work with a restricted
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Final Proposal:



The Two-Particle Contribution
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Hm
<latexit sha1_base64="diaNHbHXwIfulftS0DgdKmBRTuw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Q8mkmTY0yYxJplCGfocbF4q49WPc+TdmprPQ1gOBwzn3ck9OEHOmjet+O6WNza3tnfJuZW//4PCoenzS0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeY3md+d0aVZpF8NPOY+gKPJQsZwcZK/kBgMyGYp83FUAyrNbfu5kDrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp4vKINE0xmSKx7RvqcSCaj/NQy/QhVVGKIyUfdKgXP29kWKh9VwEdjILqVe9TPzP6ycmvPVTJuPEUEmWh8KEIxOhrAE0YooSw+eWYKKYzYrIBCtMjO2pYkvwVr+8TjpXdc/yh+ta466oowxncA6X4MENNKAJLWgDgSd4hld4c2bOi/PufCxHS06xcwp/4Hz+AAN+kj4=</latexit><latexit sha1_base64="diaNHbHXwIfulftS0DgdKmBRTuw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Q8mkmTY0yYxJplCGfocbF4q49WPc+TdmprPQ1gOBwzn3ck9OEHOmjet+O6WNza3tnfJuZW//4PCoenzS0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeY3md+d0aVZpF8NPOY+gKPJQsZwcZK/kBgMyGYp83FUAyrNbfu5kDrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp4vKINE0xmSKx7RvqcSCaj/NQy/QhVVGKIyUfdKgXP29kWKh9VwEdjILqVe9TPzP6ycmvPVTJuPEUEmWh8KEIxOhrAE0YooSw+eWYKKYzYrIBCtMjO2pYkvwVr+8TjpXdc/yh+ta466oowxncA6X4MENNKAJLWgDgSd4hld4c2bOi/PufCxHS06xcwp/4Hz+AAN+kj4=</latexit><latexit sha1_base64="diaNHbHXwIfulftS0DgdKmBRTuw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Q8mkmTY0yYxJplCGfocbF4q49WPc+TdmprPQ1gOBwzn3ck9OEHOmjet+O6WNza3tnfJuZW//4PCoenzS0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeY3md+d0aVZpF8NPOY+gKPJQsZwcZK/kBgMyGYp83FUAyrNbfu5kDrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp4vKINE0xmSKx7RvqcSCaj/NQy/QhVVGKIyUfdKgXP29kWKh9VwEdjILqVe9TPzP6ycmvPVTJuPEUEmWh8KEIxOhrAE0YooSw+eWYKKYzYrIBCtMjO2pYkvwVr+8TjpXdc/yh+ta466oowxncA6X4MENNKAJLWgDgSd4hld4c2bOi/PufCxHS06xcwp/4Hz+AAN+kj4=</latexit><latexit sha1_base64="diaNHbHXwIfulftS0DgdKmBRTuw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Q8mkmTY0yYxJplCGfocbF4q49WPc+TdmprPQ1gOBwzn3ck9OEHOmjet+O6WNza3tnfJuZW//4PCoenzS0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeY3md+d0aVZpF8NPOY+gKPJQsZwcZK/kBgMyGYp83FUAyrNbfu5kDrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp4vKINE0xmSKx7RvqcSCaj/NQy/QhVVGKIyUfdKgXP29kWKh9VwEdjILqVe9TPzP6ycmvPVTJuPEUEmWh8KEIxOhrAE0YooSw+eWYKKYzYrIBCtMjO2pYkvwVr+8TjpXdc/yh+ta466oowxncA6X4MENNKAJLWgDgSd4hld4c2bOi/PufCxHS06xcwp/4Hz+AAN+kj4=</latexit>

Hr
<latexit sha1_base64="fNgXP8fhPbatk9dpc59u6yCZqJY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Q7mTpm1oJjMmmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEUdakkYhUJ0DNBJesabgRrBMrhmEgWDuY3Gd+e8qU5pF8NLOY+SGOJB9yisZKfi9EM6Yo0vq8r/rlilt1FyDrxMtJBXI0+uWv3iCiScikoQK17npubPwUleFUsHmpl2gWI53giHUtlRgy7aeL0HNyYZUBGUbKPmnIQv29kWKo9SwM7GQWUq96mfif103M8NZPuYwTwyRdHhomgpiIZA2QAVeMGjGzBKniNiuhY1RIje2pZEvwVr+8TlpXVc/yh+tK7S6vowhncA6X4MEN1KAODWgChSd4hld4c6bOi/PufCxHC06+cwp/4Hz+AAsSkkM=</latexit><latexit sha1_base64="fNgXP8fhPbatk9dpc59u6yCZqJY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Q7mTpm1oJjMmmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEUdakkYhUJ0DNBJesabgRrBMrhmEgWDuY3Gd+e8qU5pF8NLOY+SGOJB9yisZKfi9EM6Yo0vq8r/rlilt1FyDrxMtJBXI0+uWv3iCiScikoQK17npubPwUleFUsHmpl2gWI53giHUtlRgy7aeL0HNyYZUBGUbKPmnIQv29kWKo9SwM7GQWUq96mfif103M8NZPuYwTwyRdHhomgpiIZA2QAVeMGjGzBKniNiuhY1RIje2pZEvwVr+8TlpXVc/yh+tK7S6vowhncA6X4MEN1KAODWgChSd4hld4c6bOi/PufCxHC06+cwp/4Hz+AAsSkkM=</latexit><latexit sha1_base64="fNgXP8fhPbatk9dpc59u6yCZqJY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Q7mTpm1oJjMmmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEUdakkYhUJ0DNBJesabgRrBMrhmEgWDuY3Gd+e8qU5pF8NLOY+SGOJB9yisZKfi9EM6Yo0vq8r/rlilt1FyDrxMtJBXI0+uWv3iCiScikoQK17npubPwUleFUsHmpl2gWI53giHUtlRgy7aeL0HNyYZUBGUbKPmnIQv29kWKo9SwM7GQWUq96mfif103M8NZPuYwTwyRdHhomgpiIZA2QAVeMGjGzBKniNiuhY1RIje2pZEvwVr+8TlpXVc/yh+tK7S6vowhncA6X4MEN1KAODWgChSd4hld4c6bOi/PufCxHC06+cwp/4Hz+AAsSkkM=</latexit><latexit sha1_base64="fNgXP8fhPbatk9dpc59u6yCZqJY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuimy4r2Ae0Q7mTpm1oJjMmmUIZ+h1uXCji1o9x59+YaWehrQcCh3Pu5Z6cIBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEUdakkYhUJ0DNBJesabgRrBMrhmEgWDuY3Gd+e8qU5pF8NLOY+SGOJB9yisZKfi9EM6Yo0vq8r/rlilt1FyDrxMtJBXI0+uWv3iCiScikoQK17npubPwUleFUsHmpl2gWI53giHUtlRgy7aeL0HNyYZUBGUbKPmnIQv29kWKo9SwM7GQWUq96mfif103M8NZPuYwTwyRdHhomgpiIZA2QAVeMGjGzBKniNiuhY1RIje2pZEvwVr+8TlpXVc/yh+tK7S6vowhncA6X4MEN1KAODWgChSd4hld4c6bOi/PufCxHC06+cwp/4Hz+AAsSkkM=</latexit>
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<latexit sha1_base64="s2WrowQ59llnAAcADmky+bWeTSc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBzlgyaaYNTTJDLkIZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyxxln2vj+t1daW9/Y3CpvV3Z29/YPqodHbZ1aRWiLpDxV3RhrypmkLcMMp91MUSxiTjvx+HZW7zxRpVkqH8wko5HAQ8kSRrBxVmj7wWMeDrEQeNqv1vy6PxdahaCAGhRq9qtf4SAlVlBpCMda9wI/M1GOlWGE02kltJpmmIzxkPYcSiyojvL5zVN05pwBSlLlnjRo7v6eyLHQeiJi1ymwGenl2sz8r9azJrmOciYza6gki0WJ5cikaBYAGjBFieETB5go5m5FZIQVJsbFVHEhBMtfXoX2RT1wfH9Za9wUcZThBE7hHAK4ggbcQRNaQCCDZ3iFN896L96797FoLXnFzDH8kff5Awn4kaw=</latexit><latexit sha1_base64="s2WrowQ59llnAAcADmky+bWeTSc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBzlgyaaYNTTJDLkIZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyxxln2vj+t1daW9/Y3CpvV3Z29/YPqodHbZ1aRWiLpDxV3RhrypmkLcMMp91MUSxiTjvx+HZW7zxRpVkqH8wko5HAQ8kSRrBxVmj7wWMeDrEQeNqv1vy6PxdahaCAGhRq9qtf4SAlVlBpCMda9wI/M1GOlWGE02kltJpmmIzxkPYcSiyojvL5zVN05pwBSlLlnjRo7v6eyLHQeiJi1ymwGenl2sz8r9azJrmOciYza6gki0WJ5cikaBYAGjBFieETB5go5m5FZIQVJsbFVHEhBMtfXoX2RT1wfH9Za9wUcZThBE7hHAK4ggbcQRNaQCCDZ3iFN896L96797FoLXnFzDH8kff5Awn4kaw=</latexit><latexit sha1_base64="s2WrowQ59llnAAcADmky+bWeTSc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBzlgyaaYNTTJDLkIZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyxxln2vj+t1daW9/Y3CpvV3Z29/YPqodHbZ1aRWiLpDxV3RhrypmkLcMMp91MUSxiTjvx+HZW7zxRpVkqH8wko5HAQ8kSRrBxVmj7wWMeDrEQeNqv1vy6PxdahaCAGhRq9qtf4SAlVlBpCMda9wI/M1GOlWGE02kltJpmmIzxkPYcSiyojvL5zVN05pwBSlLlnjRo7v6eyLHQeiJi1ymwGenl2sz8r9azJrmOciYza6gki0WJ5cikaBYAGjBFieETB5go5m5FZIQVJsbFVHEhBMtfXoX2RT1wfH9Za9wUcZThBE7hHAK4ggbcQRNaQCCDZ3iFN896L96797FoLXnFzDH8kff5Awn4kaw=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="PYRBowyvjhmdr0l22yvqtHz6Tks=">AAAB6HicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gHcudNNOGJpkhD6EM/RtuXCjiL3LnvzF9LLT1QODjnIR7c5JccGPD8DsobW3v7O6V9ysH1cOj49pJtW0ypylr0UxkupugYYIr1rLcCtbNNUOZCNZJJnfzvPPMtOGZerTTnMUSR4qnnKL1Vt8NoqeiP0IpcTao1cNGuBDZhGgFdVipOah99YcZdZIpSwUa04vC3MYFasupYLNK3xmWI53giPU8KpTMxMVi5xm58M6QpJn2R1mycH+/KFAaM5WJvynRjs16Njf/y3rOpjdxwVXuLFN0OSh1gtiMzAsgQ64ZtWLqAanmfldCx6iRWl9TxZcQrX95E9pXjcjzQwhlOINzuIQIruEW7qEJLaCQwwu8wXvggtfgY1lXKVj1dgp/FHz+AMOtkE4=</latexit><latexit sha1_base64="PYRBowyvjhmdr0l22yvqtHz6Tks=">AAAB6HicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHFZwT6gHcudNNOGJpkhD6EM/RtuXCjiL3LnvzF9LLT1QODjnIR7c5JccGPD8DsobW3v7O6V9ysH1cOj49pJtW0ypylr0UxkupugYYIr1rLcCtbNNUOZCNZJJnfzvPPMtOGZerTTnMUSR4qnnKL1Vt8NoqeiP0IpcTao1cNGuBDZhGgFdVipOah99YcZdZIpSwUa04vC3MYFasupYLNK3xmWI53giPU8KpTMxMVi5xm58M6QpJn2R1mycH+/KFAaM5WJvynRjs16Njf/y3rOpjdxwVXuLFN0OSh1gtiMzAsgQ64ZtWLqAanmfldCx6iRWl9TxZcQrX95E9pXjcjzQwhlOINzuIQIruEW7qEJLaCQwwu8wXvggtfgY1lXKVj1dgp/FHz+AMOtkE4=</latexit><latexit sha1_base64="pajelQpzB2hL7reT/SujoIOXVe4=">AAAB83icbZA9SwNBEIbn4leMX1FLm8UgWIU7Gy2DNpYRTCIkZ5jb7CVLdu+O/RDCkb9hY6GIrX/Gzn/jJrlCE19YeHhnhpl9o0xwbXz/2yutrW9sbpW3Kzu7e/sH1cOjtk6toqxFU5Gqhwg1EzxhLcONYA+ZYigjwTrR+GZW7zwxpXma3JtJxkKJw4THnKJxVs/2g8e8N0Qpcdqv1vy6PxdZhaCAGhRq9qtfvUFKrWSJoQK17gZ+ZsIcleFUsGmlZzXLkI5xyLoOE5RMh/n85ik5c86AxKlyLzFk7v6eyFFqPZGR65RoRnq5NjP/q3Wtia/CnCeZNSyhi0WxFcSkZBYAGXDFqBETB0gVd7cSOkKF1LiYKi6EYPnLq9C+qAeO7/xa47qIowwncArnEMAlNOAWmtACChk8wyu8edZ78d69j0VryStmjuGPvM8fCLiRqA==</latexit><latexit sha1_base64="s2WrowQ59llnAAcADmky+bWeTSc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBzlgyaaYNTTJDLkIZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyxxln2vj+t1daW9/Y3CpvV3Z29/YPqodHbZ1aRWiLpDxV3RhrypmkLcMMp91MUSxiTjvx+HZW7zxRpVkqH8wko5HAQ8kSRrBxVmj7wWMeDrEQeNqv1vy6PxdahaCAGhRq9qtf4SAlVlBpCMda9wI/M1GOlWGE02kltJpmmIzxkPYcSiyojvL5zVN05pwBSlLlnjRo7v6eyLHQeiJi1ymwGenl2sz8r9azJrmOciYza6gki0WJ5cikaBYAGjBFieETB5go5m5FZIQVJsbFVHEhBMtfXoX2RT1wfH9Za9wUcZThBE7hHAK4ggbcQRNaQCCDZ3iFN896L96797FoLXnFzDH8kff5Awn4kaw=</latexit><latexit sha1_base64="s2WrowQ59llnAAcADmky+bWeTSc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBzlgyaaYNTTJDLkIZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyxxln2vj+t1daW9/Y3CpvV3Z29/YPqodHbZ1aRWiLpDxV3RhrypmkLcMMp91MUSxiTjvx+HZW7zxRpVkqH8wko5HAQ8kSRrBxVmj7wWMeDrEQeNqv1vy6PxdahaCAGhRq9qtf4SAlVlBpCMda9wI/M1GOlWGE02kltJpmmIzxkPYcSiyojvL5zVN05pwBSlLlnjRo7v6eyLHQeiJi1ymwGenl2sz8r9azJrmOciYza6gki0WJ5cikaBYAGjBFieETB5go5m5FZIQVJsbFVHEhBMtfXoX2RT1wfH9Za9wUcZThBE7hHAK4ggbcQRNaQCCDZ3iFN896L96797FoLXnFzDH8kff5Awn4kaw=</latexit><latexit sha1_base64="s2WrowQ59llnAAcADmky+bWeTSc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBzlgyaaYNTTJDLkIZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyxxln2vj+t1daW9/Y3CpvV3Z29/YPqodHbZ1aRWiLpDxV3RhrypmkLcMMp91MUSxiTjvx+HZW7zxRpVkqH8wko5HAQ8kSRrBxVmj7wWMeDrEQeNqv1vy6PxdahaCAGhRq9qtf4SAlVlBpCMda9wI/M1GOlWGE02kltJpmmIzxkPYcSiyojvL5zVN05pwBSlLlnjRo7v6eyLHQeiJi1ymwGenl2sz8r9azJrmOciYza6gki0WJ5cikaBYAGjBFieETB5go5m5FZIQVJsbFVHEhBMtfXoX2RT1wfH9Za9wUcZThBE7hHAK4ggbcQRNaQCCDZ3iFN896L96797FoLXnFzDH8kff5Awn4kaw=</latexit><latexit sha1_base64="s2WrowQ59llnAAcADmky+bWeTSc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBzlgyaaYNTTJDLkIZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyxxln2vj+t1daW9/Y3CpvV3Z29/YPqodHbZ1aRWiLpDxV3RhrypmkLcMMp91MUSxiTjvx+HZW7zxRpVkqH8wko5HAQ8kSRrBxVmj7wWMeDrEQeNqv1vy6PxdahaCAGhRq9qtf4SAlVlBpCMda9wI/M1GOlWGE02kltJpmmIzxkPYcSiyojvL5zVN05pwBSlLlnjRo7v6eyLHQeiJi1ymwGenl2sz8r9azJrmOciYza6gki0WJ5cikaBYAGjBFieETB5go5m5FZIQVJsbFVHEhBMtfXoX2RT1wfH9Za9wUcZThBE7hHAK4ggbcQRNaQCCDZ3iFN896L96797FoLXnFzDH8kff5Awn4kaw=</latexit><latexit sha1_base64="s2WrowQ59llnAAcADmky+bWeTSc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBzlgyaaYNTTJDLkIZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyxxln2vj+t1daW9/Y3CpvV3Z29/YPqodHbZ1aRWiLpDxV3RhrypmkLcMMp91MUSxiTjvx+HZW7zxRpVkqH8wko5HAQ8kSRrBxVmj7wWMeDrEQeNqv1vy6PxdahaCAGhRq9qtf4SAlVlBpCMda9wI/M1GOlWGE02kltJpmmIzxkPYcSiyojvL5zVN05pwBSlLlnjRo7v6eyLHQeiJi1ymwGenl2sz8r9azJrmOciYza6gki0WJ5cikaBYAGjBFieETB5go5m5FZIQVJsbFVHEhBMtfXoX2RT1wfH9Za9wUcZThBE7hHAK4ggbcQRNaQCCDZ3iFN896L96797FoLXnFzDH8kff5Awn4kaw=</latexit><latexit sha1_base64="s2WrowQ59llnAAcADmky+bWeTSc=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy6MZlBXuBzlgyaaYNTTJDLkIZ+hpuXCji1pdx59uYtrPQ1h8CH/85h3Pyxxln2vj+t1daW9/Y3CpvV3Z29/YPqodHbZ1aRWiLpDxV3RhrypmkLcMMp91MUSxiTjvx+HZW7zxRpVkqH8wko5HAQ8kSRrBxVmj7wWMeDrEQeNqv1vy6PxdahaCAGhRq9qtf4SAlVlBpCMda9wI/M1GOlWGE02kltJpmmIzxkPYcSiyojvL5zVN05pwBSlLlnjRo7v6eyLHQeiJi1ymwGenl2sz8r9azJrmOciYza6gki0WJ5cikaBYAGjBFieETB5go5m5FZIQVJsbFVHEhBMtfXoX2RT1wfH9Za9wUcZThBE7hHAK4ggbcQRNaQCCDZ3iFN896L96797FoLXnFzDH8kff5Awn4kaw=</latexit>
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Figure 19: The contribution of two particles in the same l = 0 mirror edge. There
are two hexagons involved, and we call them left and right hexagons. By an explicit
calculation, one verifies that it only contributes at four loops and beyond.

Using the weak coupling expansions given in (C.1) and (C.2), one can find the integrand
up to order g6. The integral is done by residues and one gets the one- and two-loop results
used in our first paper [1] and the three-loop result given in (6.15).

D.2 Two Particles in the Same l = 0 Mirror Edge
This subsection is devoted to the computation of the two-particle contribution in the same
mirror edge shown in Figure 19. It will be shown in particular that it contributes only
at four loops. Recall that the a-th mirror bound state Xa is composed from the tensor
product of two factors belonging to the a-th antisymmetric representation of su(2|2). A
basis for this representation is (–i = 3, 4)

|Â–1 . . . Â–aÍ + . . . , |„1Â–1 . . . Â–a≠1Í + . . . ,

|„2Â–1 . . . Â–a≠1Í + . . . , |„1„2Â–1 . . . Â–a≠2Í + . . . ,
(D.3)

where („1, „2, Â3, Â4) form an su(2|2) fundamental multiplet, a is called the bound state
index, and the dots stand for permutations. As discussed in [5, 8], the basis above has to
be modified for the hexagonalization procedure to reproduce the perturbative data. It is
necessary to add so-called Z-markers to some of the basis states, and the prescription used
here follows from the one given in the appendix A of [8]. The addition of Z-markers has
two consequences: They give a contribution to the weight factors, and when one moves
and removes them using the rules given in [9], one can get factors of momenta. Note that
a rigorous explanation for the Z-marker prescription is still lacking. The dressing of the
basis states is as follows (the bar denotes antiparticles)

|Z≠t
I
uX̄ I

a
(u≠“)Z≠t

J
v X̄ J

b
(v≠“)Í

¸ ˚˙ ˝
left hexagon

¢ |X J

b
(v“)Zt

J
v X I

a
(u“)Zt

I
uÍ

¸ ˚˙ ˝
right hexagon

, (D.4)

where X I

a
(u) is a mirror magnon with bound state index a and rapidity u, with I being a

(flavor) index for the a-th bound state representation, and “ denotes the mirror transform
that transports excitations from one edge of the hexagon to the next. The values of tI

u

and tJ

v
depend on the field content of the bound-state basis elements, and whether one is

considering the “+” or “≠” dressing. The rules to find the values of the ti are:

“+” dressing : Â– æ Â– , „1 æ Z
1
2 „1 , „2 æ Z≠ 1

2 „2 ,
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Figure 6: The matrix part of the two-particle calculation of (18). The left (Hl) and right
(Hr) hexagon form-factors have only one-particle (fundamental or bound-state) and they
are easily evaluated. They give a non-zero contribution only for �’s where the dotted indices
are conjugate to the undotted indices (1 $ 2) as the one-particle hexagon form-factor is a
product of ✏AB. This forces the scattering between the particles in the middle hexagon Hm

to be diagonal as shown in the figure where S means mirror bound state S-matrix. The W
are weight factors and they act on the particles corresponding to its argument.

the plus dressing is the following

dressing + :  ↵ !  ↵ ,  ↵̇ !  ↵̇ , {�1 ,�2̇} ! Z
1
2{�1 ,�2̇} , {�1̇ ,�2} ! Z� 1

2{�1̇ ,�2} .
(20)

and for the dressing �, one needs to change the sign of the exponents of all the Z-markers
above. One consequence of dressing the basis is that the Z-markers will appear inside the
hexagon form-factors in the expression (18). They can them be moved and removed using the
rules given in the Appendix C of [33]. Another consequence is that they give contributions
to the weight factors W , which is given by

W±
{a,I}(u

�
i ) = e�2ip̃a(ui)log|zi| eiL�i eiR(✓i±'i) , (21)

where the ± refers to the two dressings, p̃a(ui) is the mirror momentum and the angles are
defined in terms of the cross-ratios (3) as follows

ei�i =

r
zi
z̄i

, ei✓i =

r
↵i

↵̄i
, ei' =

r
↵i↵̄i

ziz̄i
. (22)

Finally, L and R in (21) are combinations of diagonal Lorentz and R-charge generators given
by

L =
1

2
(L1

1 � L2
2 � L1̇

1̇ + L2̇
2̇) , R =

1

2
(R1

1 �R2
2 �R1̇

1̇ +R2̇
2̇) . (23)

Notice that the weight factors act on the particles corresponding to its argument and all the
basis elements for the bound states are eigenstates of the above generators (the action of
them on the particles are canonical).

To compute (18) we need to evaluate three hexagons form-factors. The hexagons have a
dynamical scalar factor and a matrix part that boils down to a product of S-matrices. The
hexagons Hl and Hr have only one-particle and they evaluate to zero, one or minus one. The
non-zero cases occurs when the undotted indices are conjugate to the dotted indices, i.e. only
when one excites the so called tranversal excitations (the scalars Y 12̇, Ȳ 21̇ or the derivatives
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Comments: 

The dependence on the cross-ratios comes from the 
weight-factors

It is easy to generate power series with integrability. Then 
one fits against a basis of integrals. 

S W(u�
1)
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Figure 6: The matrix part of the two-particle calculation of (18). The left (Hl) and right
(Hr) hexagon form-factors have only one-particle (fundamental or bound-state) and they
are easily evaluated. They give a non-zero contribution only for �’s where the dotted indices
are conjugate to the undotted indices (1 $ 2) as the one-particle hexagon form-factor is a
product of ✏AB. This forces the scattering between the particles in the middle hexagon Hm

to be diagonal as shown in the figure where S means mirror bound state S-matrix. The W
are weight factors and they act on the particles corresponding to its argument.

the plus dressing is the following

dressing + :  ↵ !  ↵ ,  ↵̇ !  ↵̇ , {�1 ,�2̇} ! Z
1
2{�1 ,�2̇} , {�1̇ ,�2} ! Z� 1

2{�1̇ ,�2} .
(20)

and for the dressing �, one needs to change the sign of the exponents of all the Z-markers
above. One consequence of dressing the basis is that the Z-markers will appear inside the
hexagon form-factors in the expression (18). They can them be moved and removed using the
rules given in the Appendix C of [33]. Another consequence is that they give contributions
to the weight factors W , which is given by

W±
{a,I}(u

�
i ) = e�2ip̃a(ui)log|zi| eiL�i eiR(✓i±'i) , (21)

where the ± refers to the two dressings, p̃a(ui) is the mirror momentum and the angles are
defined in terms of the cross-ratios (3) as follows

ei�i =

r
zi
z̄i

, ei✓i =

r
↵i

↵̄i
, ei' =

r
↵i↵̄i

ziz̄i
. (22)

Finally, L and R in (21) are combinations of diagonal Lorentz and R-charge generators given
by

L =
1

2
(L1

1 � L2
2 � L1̇

1̇ + L2̇
2̇) , R =

1

2
(R1

1 �R2
2 �R1̇

1̇ +R2̇
2̇) . (23)

Notice that the weight factors act on the particles corresponding to its argument and all the
basis elements for the bound states are eigenstates of the above generators (the action of
them on the particles are canonical).

To compute (18) we need to evaluate three hexagons form-factors. The hexagons have a
dynamical scalar factor and a matrix part that boils down to a product of S-matrices. The
hexagons Hl and Hr have only one-particle and they evaluate to zero, one or minus one. The
non-zero cases occurs when the undotted indices are conjugate to the dotted indices, i.e. only
when one excites the so called tranversal excitations (the scalars Y 12̇, Ȳ 21̇ or the derivatives
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S W(u�
1)
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Figure 6: The matrix part of the two-particle calculation of (18). The left (Hl) and right
(Hr) hexagon form-factors have only one-particle (fundamental or bound-state) and they
are easily evaluated. They give a non-zero contribution only for �’s where the dotted indices
are conjugate to the undotted indices (1 $ 2) as the one-particle hexagon form-factor is a
product of ✏AB. This forces the scattering between the particles in the middle hexagon Hm

to be diagonal as shown in the figure where S means mirror bound state S-matrix. The W
are weight factors and they act on the particles corresponding to its argument.

the plus dressing is the following

dressing + :  ↵ !  ↵ ,  ↵̇ !  ↵̇ , {�1 ,�2̇} ! Z
1
2{�1 ,�2̇} , {�1̇ ,�2} ! Z� 1

2{�1̇ ,�2} .
(20)

and for the dressing �, one needs to change the sign of the exponents of all the Z-markers
above. One consequence of dressing the basis is that the Z-markers will appear inside the
hexagon form-factors in the expression (18). They can them be moved and removed using the
rules given in the Appendix C of [33]. Another consequence is that they give contributions
to the weight factors W , which is given by

W±
{a,I}(u

�
i ) = e�2ip̃a(ui)log|zi| eiL�i eiR(✓i±'i) , (21)

where the ± refers to the two dressings, p̃a(ui) is the mirror momentum and the angles are
defined in terms of the cross-ratios (3) as follows

ei�i =

r
zi
z̄i

, ei✓i =

r
↵i

↵̄i
, ei' =

r
↵i↵̄i

ziz̄i
. (22)

Finally, L and R in (21) are combinations of diagonal Lorentz and R-charge generators given
by

L =
1

2
(L1

1 � L2
2 � L1̇

1̇ + L2̇
2̇) , R =

1

2
(R1

1 �R2
2 �R1̇

1̇ +R2̇
2̇) . (23)

Notice that the weight factors act on the particles corresponding to its argument and all the
basis elements for the bound states are eigenstates of the above generators (the action of
them on the particles are canonical).

To compute (18) we need to evaluate three hexagons form-factors. The hexagons have a
dynamical scalar factor and a matrix part that boils down to a product of S-matrices. The
hexagons Hl and Hr have only one-particle and they evaluate to zero, one or minus one. The
non-zero cases occurs when the undotted indices are conjugate to the dotted indices, i.e. only
when one excites the so called tranversal excitations (the scalars Y 12̇, Ȳ 21̇ or the derivatives
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Figure 6: The matrix part of the two-particle calculation of (18). The left (Hl) and right
(Hr) hexagon form-factors have only one-particle (fundamental or bound-state) and they
are easily evaluated. They give a non-zero contribution only for �’s where the dotted indices
are conjugate to the undotted indices (1 $ 2) as the one-particle hexagon form-factor is a
product of ✏AB. This forces the scattering between the particles in the middle hexagon Hm

to be diagonal as shown in the figure where S means mirror bound state S-matrix. The W
are weight factors and they act on the particles corresponding to its argument.

the plus dressing is the following

dressing + :  ↵ !  ↵ ,  ↵̇ !  ↵̇ , {�1 ,�2̇} ! Z
1
2{�1 ,�2̇} , {�1̇ ,�2} ! Z� 1

2{�1̇ ,�2} .
(20)

and for the dressing �, one needs to change the sign of the exponents of all the Z-markers
above. One consequence of dressing the basis is that the Z-markers will appear inside the
hexagon form-factors in the expression (18). They can them be moved and removed using the
rules given in the Appendix C of [33]. Another consequence is that they give contributions
to the weight factors W , which is given by

W±
{a,I}(u

�
i ) = e�2ip̃a(ui)log|zi| eiL�i eiR(✓i±'i) , (21)

where the ± refers to the two dressings, p̃a(ui) is the mirror momentum and the angles are
defined in terms of the cross-ratios (3) as follows

ei�i =

r
zi
z̄i

, ei✓i =

r
↵i

↵̄i
, ei' =

r
↵i↵̄i

ziz̄i
. (22)

Finally, L and R in (21) are combinations of diagonal Lorentz and R-charge generators given
by

L =
1

2
(L1

1 � L2
2 � L1̇

1̇ + L2̇
2̇) , R =

1

2
(R1

1 �R2
2 �R1̇

1̇ +R2̇
2̇) . (23)

Notice that the weight factors act on the particles corresponding to its argument and all the
basis elements for the bound states are eigenstates of the above generators (the action of
them on the particles are canonical).

To compute (18) we need to evaluate three hexagons form-factors. The hexagons have a
dynamical scalar factor and a matrix part that boils down to a product of S-matrices. The
hexagons Hl and Hr have only one-particle and they evaluate to zero, one or minus one. The
non-zero cases occurs when the undotted indices are conjugate to the dotted indices, i.e. only
when one excites the so called tranversal excitations (the scalars Y 12̇, Ȳ 21̇ or the derivatives
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Figure 3: The five di↵erent ways of cutting the inside of a decagon. The outside part can
be cut similarly in five di↵erent ways. If the solid lines have bridge length greater or equal
to two, at one- and two-loops only the one-particle and two-particle contributions of figure
2 have to be taken into account for its computation. The result of the computation has
to be the same for all the cuts, i.e. the result is rotation invariant, for example, by doing
i ! m,m ! l . . . j ! i, the result does not change.

An interesting object to compute is the decagon showed in the figure 3 with five di↵erent
tesselations. It appears as a contributing diagram in several five-point functions. At one-
loop, it is given by a sum of two one-particle contributions and a two-particle contribution.
This sum is equal to

M(1)
1,{0}(z1,↵1) +M(1)

1,{0}(z2,↵2) +M(1)
2;{0,0}(z1, z2,↵1,↵2) =

m(1)(z�1
1 ) +m(1)(z2) +m(1)

✓
z1 � 1

z1z2

◆
+m(1)

✓
1� z1 + z1z2

z2

◆
+m(1)(z1(1� z2)) .

(14)
The decagon is flip invariant or in other words the result is the same if we cut it in any
of the di↵erent ways showed in the figure 3. The right hand side of the expression (14)
is manifestly flip invariant because if one performs rotations on the figure (for example
i ! m,m ! l . . . j ! i) the cross-ratios appearing as arguments of the functions m(1) are
mapped into themselves. As we will see, at two-loop we have similarly that the right hand
side is given by one function evaluated at five di↵erent points.

2.2 Two-particle contributions at two-loop

At two-loop there is three types of two-particle contributions depending on the length of the
bridges involved (the cross-ratios are defined in (3)):

M(2)
2,{0,0}(z1, z2) , M(2)

2,{1,0}(z1, z2) , M(2)
2,{0,1}(z1, z2) . (15)
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Types of two-particles at two-loops

edges. Schematically, one has

hOL1(x1) . . .OLn(xn)i =

S ·

0

B@
X

tree�level
graphs

Y

lij

(dij)
lij

1

CA

 
X

i,j,k

hexagonsY
Wi,j,k H ij , jk, ki

!
,

(2)

where S refers to stratification and it is explained at length in [39]. It is a procedure to
properly take into account the graphs leaving in the boundary of the moduli space of the
surfaces, for example the disconnected graphs for computing the planar correlators. These
graphs can start to contribute at two-loop as the one-loop contribution was already proven
to be zero in general in [39]. The basic idea is that the e↵ective genus of a graph can
increase once virtual corrections are taken into account, this is similar to what happens in
usual perturbation theory. The disconnected graphs are harder to compute as they involve
more zero length bridges, fortunately they do not play any role in this work because we only
compute special polarized five- and four-point functions and they not show up.

In equation (2) all the elements appearing on the right hand side are known for any value
of the coupling constant g. The H ij , jk, ki

are the hexagon form-factors and the  ij are
the set of mirror particles leaving in the three mirror edges. Integration over the mirror
particles rapidities is assumed. The Wi,j,k denotes the normalized weight factor depending
on the flavour of the mirror-particles and on both the space-time and R-charge cross-ratios.
Its explicitly expression will be given later.

To get the finite g result of a correlator using hexagonalization is challenging as one has to
resum all the possible mirror particle configurations. As mentioned in the introduction this
can be done only for very special correlators at the moment. Nevertheless, for a fixed order in
g only a finite set of mirror particle configurations contribute because it costs factors of g to
excite new particles. To estimate the order in g that a configuration of mirror particles kick
in, one can use the rule described in the figure 1. In this work, we are going to compute special
polarized four- and five-point functions mostly at two-loops. In this case, only the one- and
two-particle contributions showed in the figure 2 where the bridges lengths can be zero or one
are going to be relevant. It is easy to verify, for example, that a contribution of two-particles
in the same mirror-edge kicks in at four loops or that a three-particle contribution with two
in the same edge and the other one in an adjacent edge kicks in at three-loops, see table 1
for a more complete list.

The one-particle contribution at any loop and for any bridge length can be computed
using the integrand given in equation (51) of [34]. The two-particle contribution at one-loop
was firstly analysed in [36] and its result at two-loop is computed in this paper. The relevant
cross-ratios to compute their contributions, see figure 2, are given by

z1z̄1 =
x2
imx

2
kl

x2
ikx

2
ml

, (1�z1)(1� z̄1) =
x2
ilx

2
km

x2
ikx

2
lm

, z2z̄2 =
x2
ilx

2
jk

x2
ijx

2
lk

, (1�z2)(1� z̄2) =
x2
ikx

2
jl

x2
ijx

2
kl

. (3)

There are a similar set of R-charge cross-ratios where the x2
ij are replaced by yij and they will

be denoted by {↵1, ↵̄1} and {↵2, ↵̄2}. In what follows, we will always work with a restricted

5

↵1↵̄1 =
yimykl
yikyml

, (1� ↵1)(1� ↵̄1) =
yilykm
yikylm

, ↵2↵̄2 =
yilyjk
yijylk

, (1� ↵2)(1� ↵̄2) =
yikyjl
yijykl

.
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Figure 3: The five di↵erent ways of cutting the inside of a decagon. The outside part can
be cut similarly in five di↵erent ways. If the solid lines have bridge length greater or equal
to two, at one- and two-loops only the one-particle and two-particle contributions of figure
2 have to be taken into account for its computation. The result of the computation has
to be the same for all the cuts, i.e. the result is rotation invariant, for example, by doing
i ! m,m ! l . . . j ! i, the result does not change.

An interesting object to compute is the decagon showed in the figure 3 with five di↵erent
tesselations. It appears as a contributing diagram in several five-point functions. At one-
loop, it is given by a sum of two one-particle contributions and a two-particle contribution.
This sum is equal to

M(1)
1,{0}(z1,↵1) +M(1)

1,{0}(z2,↵2) +M(1)
2;{0,0}(z1, z2,↵1,↵2) =

m(1)(z�1
1 ) +m(1)(z2) +m(1)

✓
z1 � 1

z1z2

◆
+m(1)

✓
1� z1 + z1z2

z2

◆
+m(1)(z1(1� z2)) .

(14)
The decagon is flip invariant or in other words the result is the same if we cut it in any
of the di↵erent ways showed in the figure 3. The right hand side of the expression (14)
is manifestly flip invariant because if one performs rotations on the figure (for example
i ! m,m ! l . . . j ! i) the cross-ratios appearing as arguments of the functions m(1) are
mapped into themselves. As we will see, at two-loop we have similarly that the right hand
side is given by one function evaluated at five di↵erent points.

2.2 Two-particle contributions at two-loop

At two-loop there is three types of two-particle contributions depending on the length of the
bridges involved (the cross-ratios are defined in (3)):

M(2)
2,{0,0}(z1, z2) , M(2)

2,{1,0}(z1, z2) , M(2)
2,{0,1}(z1, z2) . (15)
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are considering a restricted kinematics where the five-points are in a plane, see also the
Appendix B. The basis of integrals we have used consists of the ladder integral F (2)(z, z̄)
given in (7), the double box integral2

L1,24,35 =

Z
d4x6d4x7

x2
16x

2
27x

2
36x

2
67x

2
47x

2
56x

2
17

=
L
⇣

x2
12x

2
34

x2
14x

2
23
, x

2
13x

2
24

x2
14x

2
23
, x

2
15x

2
34

x2
14x

2
35
, x

2
13x

2
45

x2
14x

2
35

⌘

x2
13x

2
14x

2
25

, (26)

and the pentaladder integral

P1,34,25 =

Z
d4x6d4x7 x2

17

(x2
16x

2
46x

2
36)x

2
67(x

2
47x

2
37x

2
27x

2
57)

=
P
⇣

x2
12x

2
34

x2
14x

2
23
, x

2
13x

2
24

x2
14x

2
23
, x

2
15x

2
34

x2
14x

2
35
, x

2
13x

2
45

x2
14x

2
35

⌘

(x2
34)

2x2
25

. (27)

Notice that the first subindex is special in this two integrals. Since for L it has conformal
weight two and is connected to both integration points and for P it appears both in the
numerator and in the denominator.

Our result for the two-particle contribution at two-loop involving bridges of lengths zero
and one is (z1 and z2 are defined in (3) and we are using the conventions of the figure 2)

M(2)
2,{a,b}(z1, z2) = �f(z1)K

1
{a,b}(z1, z2)� f(z�1

2 )K2
{a,b}(z1, z2) + f

✓
z1 � 1

z1z2

◆
K3

{a,b}(z1, z2)

+ f

✓
1� z1 + z1z2

z2

◆
K4

{a,b}(z1, z2) + f (z1(1� z2))K
5
{a,b}(z1, z2) ,

(28)
where

f(z) = g4
(z + z̄)� (↵� ↵̄)

2
, (29)

and for a = 1 and b = 0

K1
{1,0}(z1, z2) = F (2)(z1) , K2

{1,0}(z1, z2) = (x2
il)

2x2
kjPm,il,jk ,

K3
{1,0}(z1, z2) = x2

ilx
2
imx

2
jkLi,jk,lm , K4

{1,0}(z1, z2) = x2
ilx

2
jkx

2
lmLl,jk,im ,

K5
{1,0}(z1, z2) = F (2)(z1(1� z2)) .

(30)

It is possible to obtain the result for a = 0 and b = 1 using the parity invariance of (16), but
we are going to write it down explicitly for the readers convenience

K1
{0,1}(z1, z2) = (x2

ik)
2x2

mlPj,ik,lm , K2
{0,1}(z1, z2) = F (2)(z�1

2 ) ,

K3
{0,1}(z1, z2) = F (2)

✓
z1 � 1

z1z2

◆
, K4

{0,1}(z1, z2) = x2
kjx

2
ikx

2
lmLk,lm,ij ,

K5
{0,1}(z1, z2) = x2

ijx
2
ikx

2
lmLi,jk,lm .

(31)

2This integral for five-points at generic positions depends on five cross-ratios instead of four. The result
for the general case is known and it was obtained by Matthias Wilhelm in [47]. In order to reproduce
Matthias’s result from integrability, it is necessary to use an out of plane weight factor.

14

where

are considering a restricted kinematics where the five-points are in a plane, see also the
Appendix B. The basis of integrals we have used consists of the ladder integral F (2)(z, z̄)
given in (7), the double box integral2
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Notice that the first subindex is special in this two integrals. Since for L it has conformal
weight two and is connected to both integration points and for P it appears both in the
numerator and in the denominator.

Our result for the two-particle contribution at two-loop involving bridges of lengths zero
and one is (z1 and z2 are defined in (3) and we are using the conventions of the figure 2)

M(2)
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✓
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1� z1 + z1z2

z2

◆
K4
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5
{a,b}(z1, z2) ,

(28)
where

f(z) = g4
(z + z̄)� (↵� ↵̄)

2
, (29)

and for a = 1 and b = 0

K1
{1,0}(z1, z2) = F (2)(z1) , K2
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{1,0}(z1, z2) = x2
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2
jkx

2
lmLl,jk,im ,

K5
{1,0}(z1, z2) = F (2)(z1(1� z2)) .

(30)

It is possible to obtain the result for a = 0 and b = 1 using the parity invariance of (16), but
we are going to write it down explicitly for the readers convenience

K1
{0,1}(z1, z2) = (x2

ik)
2x2

mlPj,ik,lm , K2
{0,1}(z1, z2) = F (2)(z�1
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, K4
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(31)

2This integral for five-points at generic positions depends on five cross-ratios instead of four. The result
for the general case is known and it was obtained by Matthias Wilhelm in [47]. In order to reproduce
Matthias’s result from integrability, it is necessary to use an out of plane weight factor.

14

and

f(z) = g4
(z + z̄)� (↵+ ↵̄)

2

<latexit sha1_base64="ZsHHMxNkl5maFVf8DXJznOUmdbU="></latexit>

.



Parity Invariance

i

m

lk

j

l

m

i

k

j

i

m

lk

j

l

m

i

k

j

Figure 4: The two-particle contributionsM(2)
2,{1,0} andM(2)

2,{0,1} with nonzero bridges lengths.
In the figure, the solid purple line has bridge length one and the dashed purple line has
bridge length zero. The blue squares denote the mirror particles Notice that the two figures
represents the same graph and they are related by a parity transformation. The equality of
the graphs implies the all loop parity relation M(L)

2;{1,0}(z1, z2) = M(L)
2;{0,1}(z

�1
2 , z�1

1 ).

The first one on the list above corresponds to the second graph of figure 2 and it involves
two bridges of length zero. The other two involves both a bridge of length one and a
bridge of length zero, see figure 4. The same figure shows a graph before and after a parity
transformation and the invariance of the result implies the following relation for any loop
order or any L

M(L)
2;{1,0}(z1, z2) = M(L)

2;{0,1}(z
�1
2 , z�1

1 ) . (16)

A similar reasoning implies

M(L)
2,{0,0}(z1, z2) = M(L)

2,{0,0}(z
�1
2 , z�1

1 ) . (17)

The computation of the two-particle contributions involves three hexagons, see figure
5. At one-loop, it was computed in [36]. The computation at two-loops follows the same
steps of the one-loop calculation described in that paper. One only needs to expand all the
building blocks at higher order in g or add a bridge of length one to the integrand. The
calculation involves three hexagon form-factors (left, middle and right) denoted by Hl, Hm

and Hr respectively in the figure 5. To glue the hexagons one sum over a weighted complete
set of states (fundamental and bound states). We need to glue two edges so there will be
a double sum over bound states and a double integral over the rapidities u1 (particles of
the first edge) and u2 (particles of the second edge) of the mirror particles. One has after
collecting all the ingredients (see the appendix A):

M2,{l1,l2}(z1, z2) =
1

2

X

dressings=+,�

Z
du1

2⇡

du2

2⇡

1X

a=1

1X

b=1

µa(u
�
1)µb(u

�
2)e

�Ẽa(u1)l1e�Ẽb(u2)l2

X

I,J

W{b,J}(u
�
2)W{a,I}(u

�
1)Hl[ �̄{b,J}(u

��
2 ) ]Hm[�{b,J}(u

�
2)�̄{a,I}(u

��
1 )]Hr[�{a,I}(u

�
1)] .

(18)

In the expression above µa is the measure or a normalization factor and the � over the
rapidities are mirror transformations. The Ẽ are the mirror particle energies and they are
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Figure 2: The one- and two-particle length zero contributions. The blue squares denote the
mirror particles and the cross-ratios z1 and z2 are defined in (3). The bridges connecting the
operators (solid lines) have non-zero bridge-lengths. At two-loops, there are two relevant
types of one-particle contributions, one if the bridge length is zero as shown in the figure
and the other if the brigde has length one. Similarly, there are three types of two-particle
contributions depending on the bridge lengths, see (15).

contributions also depend on the R-charge cross-ratios {↵1,↵2}, but we have omitted them
as they can be deduced unambiguously from the dependence of the space-time cross-ratios.

All the one-particle contributions can be written in terms of the following function

m(L)(z) ⌘ g2L
(z + z̄)� (↵ + ↵̄)

2
F (L)(z, z̄) , with g2 =

�

16⇡2
, (6)

and � is the t’Hooft coupling. It is clear that m(L)(z) depends on z and ↵, but again we are
excluding ↵ from the list of arguments. Moreover,

F (L)(z, z̄) =
1

z � z̄

"
LX

k=0

(�1)k(2L� k)!

L!(L� k)!k!
logk(zz̄)(Li2L�k(z)� Li2L�k(z̄))

#
. (7)

The function F (L)(z, z̄) given above is related to the so called ladder integrals [44]. For
example,

F (1)(z, z̄) =
x2
13x

2
24

⇡2

Z
d4x5

x2
15x

2
25x

2
35x

2
45

, F (2)(z, z̄) =
x2
14x

2
13x

2
24

(⇡2)2

Z
d4x5d4x6

x2
15x

2
25x

2
45x

2
56x

2
16x

2
36x

2
46

, (8)

with

zz̄ =
x2
12x

2
34

x2
13x

2
24

, (1� z)(1� z̄) =
x2
23x

2
14

x2
13x

2
24

. (9)

The one-loop length zero one-particle contribution was originally computed in [34] and it is
given by

M(1)
1,{0}(z) = m(1)(z) +m(1)(z�1) . (10)

Using the integrand appearing in that same paper, it is not dificult to compute other one-
particle contributions by doing the integration by residues and explicitly performing the
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Interesting 
combination to 

study: 

Notice that the structure for the two-loop two-particle contribution M(2)
2,{a,b}(z1, z2) is similar

to the structure of the one-loop two-particle result given in (13). In particular, both cases
have five terms and the arguments of the functions m are the same as the arguments of
the functions f . This means that e↵ectively to go from one-loop to two-loop, one promotes
the one-loop integrals to two-loop integrals keeping the prefactors unchanged. This pattern
seems to be true to l loops for any l and for any values of a and b with

a+ b = l � 1. (32)

We have tested up to five loops that

K1
{a,0}(z1, z2) = F (a+1)(z1) , K5

{a,0}(z1, z2) = F (a+1)(z1(1� z2)) , (33)

and we have also found l loop integral representations for others Ki
{a,b}. We hope to report

these and further results in a future publication.

The other two-particle contribution involves only bridges of length zero and it is a highly
constrained object. It is parity invariant (17) and the sum of it with two one-particle
contributions is flip invariant or rotation invariant, see figure 3. Our result is given below
using the following definition

P00 ⌘ M(2)
1,{0}(z1) +M(2)

1,{0}(z2) +M(2)
2;{0,0}(z1, z2) , (34)

and
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lm(Lj,mi,lkx

2
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2
lk) + 2F (2)(z1(1� z2))

⇤
.

The two-loop result given above has the same structure as the one-loop result of (14), in
other words, the two-results are given by a sum of one function evaluated at five di↵erent
points. To go to one-loop to two-loop one only has to correct this function. It seems that
(35) is the general solution to flip invariance and at all loops one only needs to correct the
function h. We hope to address this question in the future. There is one further property
of all two-particle contributions: they vanish after twisting the polarizations ↵i ! zi. In
fact this property together with the degree of the polarizations might prove that the same
structure appear at all loops. In addition, all the results for the two-particle contributions are
definite combinations of Feynman integrals. This result is non-trivial because there was the
possibility that Feynman integrals only show up when one computes a complete correlation
function and sums over all the mirror particles contributions.
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One-loop:

Two Loop:

h(1)(z1, z2) = f(z2) =
g2

2
(z2 + z̄2 � (↵2 + ↵̄2))F

(1)(z2) .
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Using Z-markers nicely 

integrand has factors of eipa(u
�) and

e�Ẽa(u) = eipa(u
�) =

1

x[+a]x[�a]
. (16)

Recall that the length bridges appears in the integrand as e�Ẽa(u)li . One nice aspect of
relating contributions with di↵erent bridge lengths is the result described in the previous
subsection. To fix notation, recall that any two particle contribution (l1 and l2 arbitrary)
with only one excitation in each edge has the following R-charge structure (omitting the de-
pendence on the cross-ratios; the two-particle is symmetric under ↵ ! ↵̄ and the dependence
on ↵̄ will be supressed)

ML
{1,l1},{1,l2} = ↵1↵2 m

L
{l1,l2},{↵1 ↵2} +

1

↵1↵2
mL

{l1,l2},{1/↵1 ↵2} + ↵1 m
L
{l1,l2},{↵1}

+
1

↵2
mL

{l1,l2},{1/↵2} +
↵1

↵2
mL

{l1,l2},{↵1/↵2} +
1

↵1
mL

{l1,l2},{1/↵1}

+ ↵2 m
L
{l1,l2},{↵2} +

↵2

↵1
mL

{l1,l2},{↵2/↵1} +mL
{l1,l2} ,

(17)

for some mL’s.

I will write down the constraints firstly and then gives more details of their derivations.

• mL
{l1,l2},{1/↵1} = z1z̄1mL

{l1,l2+1},{↵1}

• mL
{l1,l2},{↵2} =

1
z2z̄2

mL
{l1+1,l2},{1/↵2}

• mL
{l1+1,l2},{1/↵1↵2} = z1z̄1z2z̄2mL

{l1,l2+1},{↵1↵2}

• mL
{l1,l2},{↵2/↵1} =

z1z̄1
z2z̄2

mL
{l1+1,l2+1},{↵1/↵2}

Similar constraints (I mean generations of it) should hold for the two-particle contribu-
tions with more than one-particle in each edge. I am planning to play with their integrand
to make them precise.

Comments on derivation :

Recall that the weight factor is written as a function of the angles

ei�i =

r
zi
z̄i

, ei✓i =

r
↵i

↵̄i
, ei'i =

r
↵i↵̄i

ziz̄i
. (18)

The prescription for the Z-markers is to average between two dressings (denoted plus and
minus). To go from the plus dressing to the minus dressing one flips the powers of all the
Z-markers. This amounts to make the following change in the matrix part of the integrand

'i ! �'i , and p(u�
i ) ! �p(u�

i ). (19)

5

All loop relations: 

integrand has factors of eipa(u
�) and
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Example:

This implies that every term in the integrand will have cosines with the arguments 'i and
p(u�

i ). Let’s consider one example. The full integrand can be found in the Appendix D of
Hexagonalization II. The integrand has a term with the dependence:

cos(✓1)cos('1 �
p(u�

2)

2
) (20)

Expanding the cos’s one has

e�
1
2 ip(u

�
2 )↵̄1

4
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z̄1z1

+
e

1
2 ip(u

�
2 )
p
z̄1z1

4↵̄1
+

e
1
2 ip(u

�
2 )
p
z̄1z1

4↵1
+

e�
1
2 ip(u

�
2 )↵1

4
p
z̄1z1

(21)

Now using the expression above and the relation (16), one deduces the first constraint of the
list.

Why the Constraints are nice

Let’s us consider a two loop example. Take for example the first constraint for l1 = l2 = 0.

m2
{0,0},{1/↵1} = z1z̄1m

2
{0,1},{↵1} . (22)

In order to compute the right hand side, one uses the leading order in g expressions for
the S-matrix elements, the measure, the momenta and the dynamical part of the hexagons
(which includes the dressing phase). On the other hand, in order to compute the left hand
side, one has to expand everything to second order and the integrand is extremely huge!

One way of using the constraints

Let’s again give a two loop example.

Suppose we have find the expression for M2
{1,0},{1,1}(z1, z2). Then using the constraint

we can find a component of M2
{1,0},{1,0}(z1, z2) but the knowledge of just one component is

enough to fix it completely due to the flipping invariance, see (7).

Strategy for the all loop decagon: Speculation

This strategy should work if we have control (or known the properties) of the two-particle
with more than one particle in each edge, because they show up in the flipping invariance of
the decagon. I am planning to analise their integrands but maybe there are other strategies.
Maybe it is wrong and I am overlooking something.

1. We know M2
{1,0},{1,0}(z1, z2).

2. Using Vasco’s result (first subsection) we know how the integrals are promoted from
two-loop to three-loop as one increases the brigde length. So, we fix M3

{1,0},{1,1}(z1, z2).

3. Using the constraint we can find one component of M3
{1,0},{1,0}(z1, z2).

4. Use flip invariance and other constraints to fully fix M3
{1,0},{1,0}(z1, z2).

5. Go one loop higher

6
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The prescription for the Z-markers is to average between two dressings: + and -

To go from one dressing to the other, one flips the powers of all the Z-markers

This amounts to: 

'i ! �'i
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<latexit sha1_base64="yGxA3S+B4Mtzz16YtvSbayFKbDY="></latexit>

,

The two particle integrand: …..

integrand has factors of eipa(u
�) and

e�Ẽa(u) = eipa(u
�) =

1

x[+a]x[�a]
. (16)

Recall that the length bridges appears in the integrand as e�Ẽa(u)li . One nice aspect of
relating contributions with di↵erent bridge lengths is the result described in the previous
subsection. To fix notation, recall that any two particle contribution (l1 and l2 arbitrary)
with only one excitation in each edge has the following R-charge structure (omitting the de-
pendence on the cross-ratios; the two-particle is symmetric under ↵ ! ↵̄ and the dependence
on ↵̄ will be supressed)

ML
{1,l1},{1,l2} = ↵1↵2 m

L
{l1,l2},{↵1 ↵2} +

1

↵1↵2
mL

{l1,l2},{1/↵1 ↵2} + ↵1 m
L
{l1,l2},{↵1}

+
1

↵2
mL

{l1,l2},{1/↵2} +
↵1

↵2
mL

{l1,l2},{↵1/↵2} +
1

↵1
mL

{l1,l2},{1/↵1}

+ ↵2 m
L
{l1,l2},{↵2} +

↵2

↵1
mL

{l1,l2},{↵2/↵1} +mL
{l1,l2} ,

(17)

for some mL’s.

I will write down the constraints firstly and then gives more details of their derivations.

• mL
{l1,l2},{1/↵1} = z1z̄1mL

{l1,l2+1},{↵1}

• mL
{l1,l2},{↵2} =

1
z2z̄2

mL
{l1+1,l2},{1/↵2}

• mL
{l1+1,l2},{1/↵1↵2} = z1z̄1z2z̄2mL

{l1,l2+1},{↵1↵2}

• mL
{l1,l2},{↵2/↵1} =

z1z̄1
z2z̄2

mL
{l1+1,l2+1},{↵1/↵2}

Similar constraints (I mean generations of it) should hold for the two-particle contribu-
tions with more than one-particle in each edge. I am planning to play with their integrand
to make them precise.

Comments on derivation :

Recall that the weight factor is written as a function of the angles

ei�i =

r
zi
z̄i

, ei✓i =

r
↵i

↵̄i
, ei'i =

r
↵i↵̄i

ziz̄i
. (18)

The prescription for the Z-markers is to average between two dressings (denoted plus and
minus). To go from the plus dressing to the minus dressing one flips the powers of all the
Z-markers. This amounts to make the following change in the matrix part of the integrand

'i ! �'i , and p(u�
i ) ! �p(u�

i ). (19)
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Result for the decagon: 

two other solutions lil = 1, l⌫� 6=il = 0 and lik = 1, l⌫� 6=ik = 0 for the remaining structures in
(43).

For example the second graph in the second line in figure 9 where lik = 1 the only
nontrivial component comes from f(z1) and contributes to the correlator (41) as

z1z̄1(P↵1 + P↵1
↵2

+ P↵1↵2) = z1z̄1P

✓
z2 � 1

z2
,
1� z1(1� z2)

z1z2

◆
. (45)

The contribution from the other graphs can be obtained by a cyclic rotation. It is now simple
to obtain the final result for the correlator

D = g2
⇥
(z2 + z̄2 � 1)

F (1)(z2)

2
� z1z̄1F

(1)(z1)
⇤

+g4
⇥(1� z2 � z̄2)

2

 
P (1� z1(1� z2)), 1� z1)

z2z̄2
�

z1z̄1L(
1

1�z2
, z1) + L(1� z2,

1
z1
)

(1� z1(1� z2))(1� z̄1(1� z̄2))

+2F (2)(z2)

◆
+

z1z̄1
2

P

✓
z2 � 1

z2
,
1� z1(1� z2)

z1z2

◆
+ z1z̄1F

(2)(z1)
⇤
+ cyclic rotations. (46)

In [5], it was shown how to obtain any one loop n-point function of half BPS operators.
We have checked that the integrability method laid out above reproduces exactly the one
from [5] at one-loop. The two loop correction for our five point function was not known in
the literature. However we manage to compute it with a di↵erent method that uses both
Lagrangian insertion method [6] and chiral algebra twist [32, 48]. The details will appear
elsewhere [49].

3.2 Four-point functions

The knowledge of both one-particle and two-particle contributions enables one to compute
several four-point functions as well. It is easy to reduce the two-particle contribution from
five operators to four by identifying a pair of operators. In all the needed cases the reduction
of the integrals does not produce any divergence and it can be done easily by also identifying
points. In this section, we are going to compute a few planar four-point functions at two- and
three-loops of half-BPS operators using integrability and we will compare the results with the
perturbative ones obtained in [8]. Notice that the correlators considered in this section are
known up to five-loops [9]. The comparison is a strong test of our integrability computations
of section 2. Specifically, we are going to consider the following class of operators (the setup
is shown in figure 10)

O1 = Tr(ZKX l12Y K) + perm , O2 = Tr(X̄K+l12) ,

O3 = Tr(ZKXK Ȳ K) + perm , O4 = Tr(Z̄2K) ,
(47)

with K � 1 and l12 = 0, 1, 2, 3. The cases l12 = 0, 1, 2 are going to be computed at two-loop
and the remaning case l12 = 3 at three-loop8. In fact, we can compute the case l12 = l up to

8The minimum value of K depends on the loop order. To suppress unwanted multi-particle contributions,
K has to be greater than 2 for the two-loop cases (l12 < 3) and greater than 3 for the three-loop case (l12 = 3).
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The correlation function:

hO2K(xi, yi)O2K(xm, ym) . . .O2K(xj , yj)i = D2(dimdmldlkdkjdji)
K

<latexit sha1_base64="TuTUHZSLG/jbHSVY95VORiKa88I="></latexit>
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l loops as it needs only the one-particle contributions and one component of the two-particle
at l loops. The needed component is precisely the one determined at (33), see the discussion
below.

Note that the polarizations and the lengths of the operators in (47) were judicious chosen
in order for the integrability computation to only involves the one-particle and two-particle
contributions. It is important that the operators O1 and O3 are connected at tree-level (they
have the Y and the Ȳ fields respectively) otherwise there will be additional integrability
contributions. For example, consider the four-point function of four half-BPS operators of
length two (the so called 200 operators). Using the rule described in figure 1 for determining
at each order in g a multi-particle contribution kicks in, one can see that the computation
of the 200’s correlation function needs one-, two-, three- and four-particle contributions at
two-loop (at one loop it only needs one- and two-particle contributions). Note that the
four-particle contribution closes to form a loop. The three-particle contribution is only
known at one-loop (in fact any string of mirror particles is known by recursion relations
at one-loop, see [39]) and its knowledge at two-loop would enable one to also compute the
dodecagon or a special polarized six-point function. On the other hand, almost noting is
know about the mirror loops apart from the fact that its leading contribution is zero because
of supersymmetry (one is wrapping a BPS operator).

The four-point function of the operators (47) are obtained by setting the polarizations
vectors as

y1 = {1, i,↵, i↵, �, i�} , y2 = {0, 0, 1,�i, 0, 0} ,

y4 = {1,�i, 0, 0, 0, 0} , y3 = {1, i, 1, i, 1,�i} ,
(48)

and applying the following di↵erential operators in the correlation functions

G1234 =

✓
@

@�

◆K ✓
@

@↵

◆l12

hO1(x1)O2(x2)O3(x3)O4(x4)i
���
↵=�=0

. (49)

The perturbative result for the correlators G1234 =
Q4

i=1

p
Li G0

1234/N
2
c at the necessary loop

order can be read from [8]. The expressions depend only on the ladders integrals F (L)(z, z̄)
of (7) and they are given in our conventions by

G0
1234

���
g4

l12=0
= (1� z)(1� z̄)F (2)[1� z] + F (2)


z

z � 1

�
,

G0
1234

���
g4

l12=1
= (z + z̄ � 2zz̄)F (2)[1� z] +

(1� zz̄)

(1� z)(1� z̄)
F (2)


z

z � 1

�
,

G0
1234

���
g4

l12=2
= zz̄ F (2)[1� z] +

F (2)
⇥
z�1
z

⇤

zz̄
,

G0
1234

���
g6

l12=3
= zz̄ F (3)[1� z]� 3

F (3)
⇥
z�1
z

⇤

zz̄
,

(50)

where the cross-ratios z and z̄ were defined in (51).

To compute the correlators above using integrability, we follow the same steps as in
the five-point function computation. Besides evaluating the mirror particle corrections to

20

where

i

m
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j z1
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Figure 2: The one- and two-particle length zero contributions. The blue squares denote the
mirror particles and the cross-ratios z1 and z2 are defined in (3). The bridges connecting the
operators (solid lines) have non-zero bridge-lengths. At two-loops, there are two relevant
types of one-particle contributions, one if the bridge length is zero as shown in the figure
and the other if the brigde has length one. Similarly, there are three types of two-particle
contributions depending on the bridge lengths, see (15).

contributions also depend on the R-charge cross-ratios {↵1,↵2}, but we have omitted them
as they can be deduced unambiguously from the dependence of the space-time cross-ratios.

All the one-particle contributions can be written in terms of the following function

m(L)(z) ⌘ g2L
(z + z̄)� (↵ + ↵̄)

2
F (L)(z, z̄) , with g2 =

�

16⇡2
, (6)

and � is the t’Hooft coupling. It is clear that m(L)(z) depends on z and ↵, but again we are
excluding ↵ from the list of arguments. Moreover,

F (L)(z, z̄) =
1

z � z̄

"
LX

k=0

(�1)k(2L� k)!

L!(L� k)!k!
logk(zz̄)(Li2L�k(z)� Li2L�k(z̄))

#
. (7)

The function F (L)(z, z̄) given above is related to the so called ladder integrals [44]. For
example,

F (1)(z, z̄) =
x2
13x

2
24

⇡2

Z
d4x5

x2
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2
25x

2
35x

2
45

, F (2)(z, z̄) =
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14x

2
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2
24

(⇡2)2
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, (8)

with

zz̄ =
x2
12x

2
34

x2
13x

2
24

, (1� z)(1� z̄) =
x2
23x

2
14

x2
13x

2
24

. (9)

The one-loop length zero one-particle contribution was originally computed in [34] and it is
given by

M(1)
1,{0}(z) = m(1)(z) +m(1)(z�1) . (10)

Using the integrand appearing in that same paper, it is not dificult to compute other one-
particle contributions by doing the integration by residues and explicitly performing the

7

(Chicherin, Drummond, Heslop, Sokatchev)

(Chicherin, Georgoudis, Gonçalves, Pereira)



Can we do higher-points? 6,7, …. (In progress, with F. Coronado and V. Gonçalves )

It seems so: 

Flip invariance:

Decoupling:

Z-markers relations, a bit of data, and  
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Figure 14: A dodecagon and its cross ratios. Collapsing xi+1 æ xi eliminates a slice
– a hexagon – in the figure. The double limit xi+2 æ xi+1 æ xi reduces a 2n-gon to
a 2(n ≠ 2)-gon. Mirror-state propagations in such polygons are reduced accordingly.
From a form factor point of view, the corresponding sums collapse into the coinciding
rapidity region.

Decoupling Limit

We can reduce multi-particle strings to strings involving less steps by collapsing hexagons
in the tessellation. For example, if we take x4 æ x3 in Figure 14, we reduce the dodecagon
to a decagon, and correspondingly the three-particle contribution reduces to a two-particle
contribution. If we further send x5 æ x4 æ x3, we reduce it further to an octagon,
and we end up with a single-particle contribution. When taking these limits, some cross
ratios diverge and others vanish. For example, x4 æ x3 corresponds to z1/z2 æ 0 with
z1z2 = ≠w1 fixed. In this limit, we nicely find indeed

M(3)(z1, z2, z3) æ M(2)(w1, z3) , as z1/z2 æ 0 with z1z2 = ≠w1 fixed , (3.16)

in perfect agreement with the above expectations. From the integrability/form-factor point
of view, this limit corresponds to the so-called decoupling limit, where consecutive rapidities
are forced to become equal, and the corresponding hexagons collapse into measures and
disappear.25 Similarly, we find

M(3)(z1, z2, z3) æ M(2)(z1, w2) , as z2/z3 æ 0 with z2z3 = ≠w2 fixed ,

M(2)(z1, w2) æ M(1)(r1) , as z1/w2 æ 0 with z1w2 = ≠r1 fixed ,

and many other similar relations at higher points.

Pinching at One Loop

Another nice limit of any polygon is the one where cusps i and i + 2 go to the same
position. When doing so, they pinch the edge ending at cusp i + 1 and basically remove

25From this integrability/form-factor point of view, one can expect these decoupling relations to hold to
all loops.
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Decoupling Limit

We can reduce multi-particle strings to strings involving less steps by collapsing hexagons
in the tessellation. For example, if we take x4 æ x3 in Figure 14, we reduce the dodecagon
to a decagon, and correspondingly the three-particle contribution reduces to a two-particle
contribution. If we further send x5 æ x4 æ x3, we reduce it further to an octagon,
and we end up with a single-particle contribution. When taking these limits, some cross
ratios diverge and others vanish. For example, x4 æ x3 corresponds to z1/z2 æ 0 with
z1z2 = ≠w1 fixed. In this limit, we nicely find indeed

M(3)(z1, z2, z3) æ M(2)(w1, z3) , as z1/z2 æ 0 with z1z2 = ≠w1 fixed , (3.16)

in perfect agreement with the above expectations. From the integrability/form-factor point
of view, this limit corresponds to the so-called decoupling limit, where consecutive rapidities
are forced to become equal, and the corresponding hexagons collapse into measures and
disappear.25 Similarly, we find

M(3)(z1, z2, z3) æ M(2)(z1, w2) , as z2/z3 æ 0 with z2z3 = ≠w2 fixed ,

M(2)(z1, w2) æ M(1)(r1) , as z1/w2 æ 0 with z1w2 = ≠r1 fixed ,

and many other similar relations at higher points.

Pinching at One Loop

Another nice limit of any polygon is the one where cusps i and i + 2 go to the same
position. When doing so, they pinch the edge ending at cusp i + 1 and basically remove

25From this integrability/form-factor point of view, one can expect these decoupling relations to hold to
all loops.
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Conclusions:

Pin down the map between integrability and Feynman integrals.  

Try to get higher-loop information; bootstrap.

Compute the decagon at strong coupling.

Learn how to compute the integrability integrals. 

Connections with other techniques.

(In progress with Belitsky and Erdogan)

(In progress with Coronado, Gonçalves and Vieira) 

(de Leeuw, Eden, le Plat, Meier, Sfondrini)

(de Leeuw, Eden, Sfondrini)



Thank you very much!


