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Alm

Look at a particular aspect of quantum physics: the universal physics that arises for
nearly-resonant short-range interactions.

> nuclear physics
> atomic physics (cold atoms)

> condensed matter, etc.

Look in detail at the case of two-body and three-body systems, and in particular
the Efimov effect.



Introduction

What is universality?

A phenomenon is universal when it applies to
many different physical systems with a simple

law that depends upon just a few parameters.



Introduction

Universal law:
long-range
force

Gravitation is universal
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Introduction

No apparent universality in * Short-range forces
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Introduction

“Zero-range” universality

Approximate
universal law

Electromagnetic force

& Ee—tl oxio
il ~ ——— =1.0Xx10"" eV
Helium-4 > — ma?
dimer P o a=10nm R ¢
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Strong force
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Introduction

“Zero-range” universality

Helium-4
trimer

Triton

Approximate universal law:
effective long-range force

Efimov attraction

Electromagnetic force
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N\ V(R) =~ —
; - B . ( ) mRZ
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Strong force
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¢) TWO-BODY PHYSICS € THREE-BODY PHYSICS

* Basic theory (resonances) e History

e Zero-range universality * Thomas collapse

* Feshbach resonances  STM'’s zero-range theory

* Zero-range theory * Efimov’s breakthrough

e Extras (Separable theory) * Efimov effect and Efimov states
e UNIVERSAL CLUSTERS 0 VAN DER WAALS UNIVERSALITY

 Experimental observations in « Two-body systems

nuclear and atomic systems  Three-body systems

* Mixtures of particles



Two-body physics



2. Two-body physics ) Basic theory

Basic theory

We consider two particles of masses m; and m, with no internal degree of freedom.
In their centre of mass, they are described by a relative vector 7.

The particles interact via an isotropic (central) interaction potential V(r),

with r = |7]
my
R V(r) : V(r)
r :
‘ “"' r / r
m / 2 . b
Attractive Short range

= Necessary for binding «= V() decays strictly faster than r~3



2. Two-body physics ) Basic theory

Basic theory

We consider two particles of masses m; and m, with no internal degree of freedom.
In their centre of mass, they are described by a relative vector 7.

The particles interact via an isotropic (central) interaction potential V(r),

with r = ||
m;
R V(r) : V(r)
r ]
, “"' r / r
m]_ / < g b
Attractive Short range
= Necessary for binding «= V() decays strictly faster than r~3
Classically:
1 (dF\
E E + V(@) = E ) A1
’ — Reduced mass: u = (— + —)
miq m,

. Interaction
Kinetic energy Total



2. Two-body physics ) Basic theory

Basic theory

We consider two particles of masses m; and m, with no internal degree of freedom.
In their centre of mass, they are described by a relative vector 7.

V(r)

=

E>0 —

Classically:

>\ 2
1 [dr
E <E> + V(T‘) = FE

A
v

N -1
~ Reduced mass: u = (i + i)

, m m
Interaction Total 1 2

Kinetic energy energy energy



2. Two-body physics ) Basic theory

Basic theory

We consider two particles of masses m; and m, with no internal degree of freedom.
In their centre of mass, they are described by a relative vector 7.

V(r)

=

E<0 — r
Classical turning point

b

Classically:

>\ 2
1 [dr
E <E> + V(T‘) = FE

A
v

N -1
~ Reduced mass: u = (i + i)

: m m
Interaction Total 1 2

Kinetic energy energy energy



2. Two-body physics ) Basic theory

Basic theory

A

Spherical coordinates:

Partial wave expansion:

Radial Schrodinger equations:

Quantum mechanically, the vecto

ris

described by a wave function Y (7).

Schrodinger equation at energy E': <

2

hvz v E ) =0
ey Ft V(@) — >1/J(r)—

(—v,% v —%E)zp(?) 0
A .,
1 02 1 d 02 0?2
W) = v, QA) ror2 7 )+_<C°tgae 962 s:%q@)\})f(cos 9)

u,(r
— z £ )P{;(cos 6) £ = 0: s wave
= T £ = 1: p wave
£ = 2:d wave
d? €(£+1)
(5 + 2 By () - 2B uy(r) =
—_— Y——
Radial Centrifugal
kinetic repulsion

energy

Legendre
polynomial

00+ 1)

0



2. Two-body physics ) Basic theory

Basic theory: s wave

Radial Schrodinger equations:

Positiveenergy E =——2> 0

V(r)
E

v

u(r)

0

h2 K2

2p

d?  2u 2U _
(—ﬁ-l-ﬁV(T) —ﬁE>U(T) =0
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— k2

&
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complicated
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Free wave:

\

—> « sinkr + tan d cos kr

r>b

1
OC ——
cos d

sin(kr + 6)

k: wave number

Phase shift:

6 = 0 modulo m : effectively non-interacting

T . .
O~ 2 modulo 7 : resonant interaction

At low scattering energy E, in the s wave:

Fork « b~%, | tand = —kq
|

“Scattering length”
(positive or negative)




2. Two-body physics ) Basic theory

Justification: At low scattering energy E, in the s wave:

Fork « b1, tand ~ —ka,
|

2
With potential v: (—% + v(r) — kz)u(r) =0

_ a2 B “Scattering length”
With potential v: (— — + () - kz) u(r)=20 (positive or negative)
Condition forr = 0:
—au" + (w—kHDuu=0 Zggg z 8
—utd" + (W —-kPHuu =0 Forr > b:
u(r) - - cosSSin(kr +6)

Subtract: un”’ —uu" + W —-V)uu=0 _ 1 -
u(r) » —sin(kr + 6
~—~— (r) k cosé ( )

(uu" —uu")' + (v—v)uu =20

(uu' —uu') = —(v —V)uu



2. Two-body physics ) Basic theory

Justification:

2
With potential v: (—% + v(r) — kz)u(r) =0

2
With potential v: (—% + v(r) — k2>ﬂ(r) =0

(ut’ —uu')' = —(v — v)uu
[uﬂ’ — ﬂu’]go — _j (U — ﬁ)ﬁudr
0
sin(kr+6) cos(kr+8)-sin(kr+5) cos(kr+8) ] (o
[ k cos & cos & 0] = fo (U U)UUdT

sin(8 — 6) B

kcosdcosd

— joo(v — D)Uudr
0

7-0(5-0) u(r)dr

tand j“’ ()sin(kr)
k), VY Tk

At low scattering energy E, in the s wave:

Fork <« b~ 1,

tand =~ —ka4

“Scattering length”
(positive or negative)

Condition forr = 0:

u(0) =0

u(0) =0

Forr > b:

u(r) - - CC1)S5Sin(kr + 6_)
u(r) -  cos gsin(kr + 9)
u'(r) i o8 cos(kr + 8)

7 L cos(kr + &
u'(r) -~ COSSCOS( r+ )



2. Two-body physics ) Basic theory

At low scattering energy E, in the s wave:

Justification:

2 -1 tand ~ —k
With potential v: (—% +v(r) — kz)u(r) =0 For ke < b7, an aT
2 “Scattering length”
With potential v: (_W + v(r) — k2> u(r)=20 (positive or negative)
v—0 (5_ - 0) Condition forr = 0:
tan ® sin(kr) u(0) =0
= —JO v(r) - u(r)dr 7(0) =0
b sin(kr) () — sin kr + tan é cos kr - tan d
~ —j v(r)r = u(r)dr . A P A
\0 7
~ B sin kr
SN u(r) =
forkb <1 | vIru®(dr k
0
a

The scattering length a is well
defined if the potential v(r) decays
faster than 1/73.



2. Two-body physics ) Basic theory

Basic theory: s wave

: - . az 2 2
Radial Schrodinger equations: (— ozt h—‘;V(r) — h—’;E) u(r) =0 k: wave number
- h2 K2 1,2
Positiveenergy E =——=> 0 k . _ .
2p 6 = 0 modulo 7 : effectively non-interacting
8 ~ = modulo 7 : resonant interaction
V(r) 2
E
0 At low scattering energy E, in the s wave:
r
/ Fork « b~!, | tand =~ —ka
P > b Free wave: T
l — « sin kr + tan 6 cos kr “Scattering length”
u(r) o 1 sin(kr n 5) (positive or negative)
complicated c0s ¢ Low-energy s-wave resonance: |a| > b
0 i gy :

Unitarity (or unitary limit): a — t+oo

S 7 ) 4ar
Cross section: g = ~z Sin o< wz



2. Two-body physics ) Basic theory

Basic theory

: - : az o ;
Radial Schrédinger equations: (— — (:1) V() —= )u{)(r) =0 k > ik
L K = 0: binding wave number
. flzkz +K2
Negative energy E = — 2 <0 sin ikr + tan 6 cos ikr
e—KT . eKT + t 5e—KT + eKT‘
X - dan
V(r) 20 2

F o — r

/

&
<

S

7 o¥KT Free wave:

u(r) o sinikr + tan § cos ikr
complicated ;™ e

—KT r

1 e—lcr 1 e+K7’
X |tand + — +|tand — —
[ 2 [ 2

. /

0

Physical state (bound state) : tan § = %
(quantisation of the energy: discrete levels)

For small energy E, in the s wave:

Fork « b~1,| tand = —ka = —ika

h* (For
la| > b)

) k=~1/a E~—

2ua?




2. Two-body physics ) Basic theory

Basic theory

. .y . dz ¢ :
Radial Schrédinger equations: (— — (:1) V( ) —= )ue(r) =0 k - ik
L K = 0: binding wave number
. hzkz +K2
Negative energy E = — 2 <0 sin ikr + tan 6 cos ikr
e—KT . eKT e—KT + eKT‘
< . + tand
20 2
V(T) 1 e—KT 1 e+}c7”
X |tand + — +|tand — —
£ i 2 i 2
G r - J

0

A
v
S

Physical state (bound state) : tané = %

(quantisation of the energy: discrete levels)

u(r) complicated For small energy E, in the s wave:
0 S Fork <« b1 tand ~ —ka = —ika
a )
b r
7 . ) hZ
Halo dimer’ =) Kk=~1/a E~ — (For .
Extends beyond the classical turning point 2ua? lal > b)




Short-range attractive interaction potential
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Short-range attractive interaction potential
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i two-body
-~V bound states




Binding in classical systems

Energy




Binding in quantum systems

Critical strength g (zero-point) and quantisation

Energy




Binding in quantum systems

Critical strength g (zero-point) and quantisation
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2. Two-body physics ) Overview

Binding in quantum systems

Two-body resonances = unitarity points, universality and scale invariance

Universal regions

>
= 1 (1) (J\ .
C | |
= %dy-s—wgz\
| | bound stz;é\
| | |
%D S A : |a| > b : :
55| 0 i i i
| | |
R T \




Binding in quantum systems

Two-body resonances = unitarity points, universality and scale invariance

>
20
c g
Ll
In nature = In the laboratory
1 fm Feshbach dimers from cold atoms
AM a=>54fm
Deuteron
=> Prof Alejandro 1.7nm |
Kievsky’s lecture. 05 o “Halo
Helium-4 dimer o’ dimers”

= Prof Doerte
Blume’s lecture.



2. Two-body physics ) Feshbach resonances in ultra-cold gases

Observations in ultra-cold atomic gases

Cloud of atoms cooled to T < 1 uK in a vacuum chamber

i _——1imp = +3/2

Zeeman effect: 200 f---:j:-f--ﬁ mp = +1/2

' - . N F=3/2 — — _—|mp=-1/2
Different internal % e — |
atomic states shift = ; ]
. , > |
dlfferen.tly.wnh o o \

magnetic field < = —3/2

mr = —1/2

imgp = +1/2

Magnetic field (G)



2. Two-body physics ) Feshbach resonances in ultra-cold gases

Observations in ultra-cold atomic gases

Cloud of atoms cooled to T < 1 uK in a vacuum chamber

Magnetic field B

|Fy,my) & |Fp,m;)

Potential energy

Interatomic distance r

»




2. Two-body physics ) Feshbach resonances in ultra-cold gases

Observations in ultra-cold atomic gases

Cloud of atoms cooled to T < 1 uK in a vacuum chamber

Magnetic field B

A
>
%" |F{,m}) ® |F,, my)
c
()]
©
= |F1,my) ® |Fy,my)
()]
+—
S)
(a N

Interatomic distance r

»




2. Two-body physics ) Feshbach resonances in ultra-cold gases

Observations in ultra-cold atomic gases

Cloud of atoms cooled to T < 1 uK in a vacuum chamber
= —  —— Nature volume 392, pages151-154(1998)  arlicles
I/
: m |1 |
- [ Observation of Feshbach
q) -
= resonances in a
2 Bose-Einstein condensate
GCJ _____________________ S. Inouye*, M. R. Andrews*t, J. Stenger*, H.-). Miesner*, D. M. Stamper-Kurn* & W. Ketterle*
oD / * Department of Physics and Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
© m, . o
) AV
= woF 1 1 1 I |
z F 2
T b
SU sk =
1 ! ! ! ! ..L:
a |F1'm1>® |F2'm2> g I -
— ;)
% 2 e
= g 1Fe 8 ge o
£ Feshbach N -
VR R & ey AT PR e e SR ERRLRRE w : :
o resonance E -]
= L -
a — ©0
03 b1 | ] ] L
AB 895 900 905 910 915
\ Interatomic diztancer a = abg (1 _ B — B ) Magnetic field (G)
\/ 0



https://www.nature.com/nature

2. Two-body physics ) Feshbach resonances in ultra-cold gases

Radial wave function (for £ = 0):

Two-channel model ) ‘|F1,m1> & |Fym,) + ‘m,ml) ® |F}m})

Closed channel V..

|Fi,m1) ® |F3,m3)
A (K + Vo — E)|uy) + Voclue) =0 _Rh? a?
. With K = >
g Voc = Veo E (K + Voo — E)|ug) + Voluy) =0 2pudr
g |F1,my) & |F,,my) Wi h h |
% Open channel V, [uo) = o) + GoVocluc) 'th the reso vents._l
00 Go:(E_K_Voo)
[uc) =0+ G Vopluy) G.=(E-K-V.)?
And the open-channel eigenstate:
Interatomic diftancer (K + ) |ﬂ ) = F |ﬂ )
' [uo) = 1o} + GoVocGeVeoltto) o i

Closed-channel eigenstates:

(K + ) |al’) = B [
Isolated resonance approximation: )
_ U, |V U
. Z @@L )] ) = 1) + GoVocli) e
() E—-E m
— E. m



2. Two-body physics ) Feshbach resonances in ultra-cold gases

Two-channel model

Potential energy

Closed channel V..
|F{,m1) @ |F;,m3)

|F1,my) @ |F,my)

Open channel V,,

Interatomic distance r

»

Radial wave function (for £ = 0):

u(r) ‘|F1;m1> K |F,,my) + ‘|F1»m1> & |F;,my)

(Um Voo ltio)

|u0> = |ﬂ0> + Govoclam>

E—E,

Multiply on the left by (i, |V,

_ _ _ _ (Um[Veoluo)
(Um|Veolto) = {Um|Veo o) + (Um|Veo GoVoc|tim) m_co -
- , E-E,

AE,, :

resonance
_ (Um [VeolTio) .
(Um|Veoluo) = ) il CAOEmO shift

E—-E,
(Um Voo lUho)

luo) = li,) + Govoclﬂm)E —F

m_AEm




2. Two-body physics ) Feshbach resonances in ultra-cold gases

Radial wave function (for £ = 0):

Two-channel model ) ‘|F1,m1> & |Fym,) + ‘m,ml) ® |F}m})

Closed channel V..

‘. e )l 4 61y Sl ool
% EI/OC_I/CO thz (0] o o'oc m E_Em_AEm
=S VO RNV SN AU E =
g |Fy,my) @ |Fy,my) 2,“ _ . o
5 i, (r)— k~tsin(kr + §)
S Open channel V,, r>b
—(irr) -1 S —
u, (r) o k™" cos(kr + 6)
Interatomic diftance r (irregular solution)
g . _(irr)\ ;-
(X : resonance strength Go = —k|u, "N,
|u ) — |ﬂ ) | (lTT)>k|<am“/CO|ﬁO>|2
¢ ¢ E—-E, —AE,
u,(r)— k™1 sin(kr + S) — cos(kr + 5_) ka « sin| kr + § — arctan ka
oY 7 r»b E—-E,—AE,, N E—-E, —AE,,
"l

§ = & —arct
arcanE_Em_AEm




2. Two-body physics ) Feshbach resonances in ultra-cold gases

Radial wave function (for £ = 0):

TWO_Cha 1 nE| mOdel u(r) =|F1,m1) Q) |Fz,my) + |F1’,m'1) K |F3, m3)

Closed channel V..

|Fi,m1) ® |F3,m3)
A
> B _ ko
2 Voc = Voo pzp2 5 = 6 — arctan
=T T Y AU, SR E = z | I8 — i — A
B |F1,mqy) @ |F;,my) #
§ Background Resonant
S Open channel V,, phase shift phase shift
v
. For £ — 0, —ka _kabg Background
Interatomic distance r .
> scattering length
a The scattering length diverges

a=a —
P& E.+AE, forE, +AE, =0

The molecular state energy
varies with the magnetic field _ " AB The scattering length diverges
(approximately linearly) 4 = Qbg B — B, forB =By = B; — AE,,/im
Em = ttm(B — By)

a

magnetic width of the resonance

AB =

Abghm



2. Two-body physics ) Zero-range theory

/ero-range theory

2
Free wave: —:—szp = Ey
g u(0) =?

Vi(r) /\ Zero-range Boundary condition { W(0) =7
u\, : \ \/ \ r / Free wave:
sin(kr + 6(k))
Free wave:
u(r) o sin(kr + 5(k)) RN /7 \\
b
tan §(k) = —ka ‘ / \\/ \

A
v

Vo(r)

A
v



2. Two-body physics ) Zero-range theory

/ero-range theory

tand(k) = —ka

Free wave:
u(r) «< sin(kr + 6(k))

u(r) < sinkr + tan 6 (k) cos kr
u(r) « sin kr — ka cos kr

u'(r) o« k(cos kr + ka sin kr)

u(0) < —ka
| -

u'(0) < k

ku(r)ockr—ka+0(r2) )

u'(0) 1
u(0)  a

2
Free wave: —Z—”szp = Ey
=7
Zero-range Boundary condition { u(0) ="

u'(0) =
/ ; s \ Free wave:

&> sin(kr + 8(k))

7/

N\

Bethe-Peierls boundary condition:

Y(r) =

u(r)<r—a

um) |
r

Forr - 0

1 (this condition being
g (T'l/J) isotropic, it only affects
T'l/) dr a the s wave)
1 1 “ 1 ”
N — Fx|[=—= universal theory
=0 roa (in terms of a)




2. Two-body physics ) Zero-range theory

/ero-range theory

2
Free wave: —Z—HVZI/J = Ey

L[ u(0) =7
Zero-range Boundary condition { W(0) =2
/ /0‘ Free wave:
g sin(kr + §(k))

2N A

Bethe-Peierls boundary condition:

1 d 1 (this condition being
—_— (T‘l/)) —_— — — isotropic, it only affects
ﬁrb dr =0 a the s wave)

F 1 1
vt i Ta

Alternative formulations:

(1) “source term”
Including the boundary condition by a source term inside
the Schrodinger equation:

P4 >ource Free wave: h?
term ' —— V3 +V =F
. sin(kr + 6(k)) 2 v ;(T_/)lp v

/\ /\ _4nh21:53(77)
/S N\ \T ”

Obtained from the relation: V? (%) = —453(¥)

(2) “Pseudopotential” (Huang-Yang, 1957)

h? 02 +4nh2a
2U v 21

537~ (rg) = By
dr

pseudopotential

(3) “zero-range” or “contact” interaction
Take any potential, set the range to zero, while increasing
the depth to keep a fixed scattering length a.



2. Two-body physics ) Zero-range theory

(3) “zero-range” or “contact” interaction
Take any potential, set the range to zero, while increasing

the depth to keep a fixed scattering length a.

—g forp < b7t :
g rorp We can set b — 0 only at the end of calculations

Example in momentum space: 17 =
P P ) {O forp > b1

h22

- d3q . . ~
L5 + [ sV @HG — ) = BB

At zero energy E = 0:

d3q - 35
2 _ > oY — _2u d’q 1
lp(p) hz gfq<b—1 (27_[)3 1/)(p Q) 0 f = ﬁg (1 + ffq<b 1 (210)3 _2)
M 21 1 d3q 1
F=39] Gt @ R21 1 9 1
I 2ug  f Jq<p1 (2m) q-
- . f e
( P(B) = @n)*8*(B) + 7 bt
F.T.
FO=1+7-=1-2 wmp f=—4ra 4?1 1 21
2u g a wmb

“Renormalisation relation”



2. Two-body physics ) Zero-range theory

Bethe-Peierls condition in momentum space

Schrodinger equation in coordinate space Condition for the source in coordinate space
h? 4mh? 1 1
——2 — F&§3(7) =E — F X |=——
Vi - S FON) = By Y Fx (= ——
F.T. . o
Schrodinger equatlon in momentum space F
h2p2 fl l/)(T)—?T:))—F/a

‘ @i \Y

- 2u - d3p (. . AnF
p*h(P) — 47 =7 EP(P) Gy \ PP ——7)="Fla

21
2 — — =
hm (p w,b(p) 4mk) = E hm lp(p) 0 Condition for the source in momentum space

s - . d3 hm qzlp(Q)
Anck = lim 1281162 » F = —aj (27:)93 (l/J( D) — 7




2. Two-body physics ) Zero-range theory

Bound state in the Zero-Range Theory

There is only one bound state in the zero-range model. It has zero angular momentum.

We look for eigenstates of energy E = —h%k?/2u

Coordinate space

d?u(r)
2

Equation: —— == = —r?u(r)

u(r) = Ae " + BetKT

s odu(r) 1
Condition: = au(r)
—Kku(r) = —Eu(r)
> !
K=—
a

-r/a
() =

2rar

Momentum space
Equation: p? Y(p) — 4nF = —k*Y(P)
4nF

) = e

22 (3 -5 ) =-F/a

p2

Condition: [

4 d3p 1 1) -
\n (2m)3 \p? + K2 pZJ_ /a

1 —K
» -




2. Two-body physics ) Zero-range theory

Two-body spectrum |

Wave number +|k|

C.

Twotbody
scattering continuum

@

-
O/.

Inverse scattering length a1

N the Zero-Range Theory




2. Two-body physics ) Summary

summary

A
Universal regions
> m m m ~~~~~~~ Zero-Range Theory
o |— > Tt (only parameter: a)
c | e \j\\\\ 7\ g Tl
wer T = T TT==a
A SRLITN tWO—bOdy‘S:Wave \\\ e
bound states... AN Twotbody
Q. . scat.erlng
continuum
=
In nature In the laboratory t
Q
o]
1 frp S 4t Feshbach dimers from cold L £
- a=os4mm N
Deuteron o 0 atoms N
1.7 nm 1 \\ %
o \\3
05n ." a >> 10 nm . \\
Helium-4 g a=10nm 2 N
. @ -
dimer : Inverse scattering length a™!

Universal “Halo dimers”



2. Two-body physics ) Extras

/ero-range theory for repulsive forces?

Zero-range Boundary condition
Free wave:
V(r) \ /\ sin(kr + 6(k))
__________ : r AN YN

{ u(0) = —a
u'(0) =1

Free wave:
« ; > u(r) «< sin(kr + 6 (k))
tand(k) = —ka If we simply reproduce the scattering

length, we retrieve the previous zero-range
theory. Therefore there is a bound state!

The scattering length cannot be larger than b (hard
sphere limit a = b).

There is no zero-range limit nor

Therefore, in the limit of small b, the scattering length is universality for repulsive forces.

always zero.



2. Two-body physics ) Extras

Other dimensions

For b « |#| « k1 Zero-range theory Universal bound state
1 1 For attractive forces with large
D=3 r) £ = —— scattering length |asp| > b h2
w |7"| asp ) . 6 | 3D| E =— > (a3D > 0)
There is a bound state only for 2uasp
asp > 0.
|7 For attractive forces with large
_ — 2
D=2 Y(r) «In asp scattering length a,p > b E = —4e2Y h
_ _ 2puazp
The scattering length a,p is always
positive. There is always a bound state.
hZ
D=1 Y(r) < |r| —aqp For attractive (a;p > 0) and repulsive E=-— -
(a1p < 0) with large |a;p| > b 2uaip

No regularisation: v(r) - gé(r) with g = -2

S — aip
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Beyond zero-range theory: the effective-range theory

e ———

-

- AN k 1 1
S N Fork<b™, | —_~ _Z 421 k2+ o(k?
/ Tworbody R tand a 2% (k%)
/ . . \
y scattering continuum \ / \
‘\/ \\ .
I~ _ N Scattering length ,
vy I/ ZR unwersahty \ Effective range
o . |
g 1 \ ,' Universal description of the low-energy two-body
c ! 1 physics in a wider range, in terms of only two
c 1 y parameters.
) \ \§ /
® \ N ‘5&
= N \ %, Bound state:
\\\ // \ \ / 1 hz 2
R / tand = — ‘ E = — 2(1_\/1_2re/a)
Effective-range \ l mre
universality S \
Very useful to describe two-body systems, but less
relevant to systems with more than 2 particles.

Inverse scattering length a1
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Separable theory

Zero-range potentials (contact interactions) easier to solve than finite-range potentials.
This is due to the separability of these potentials.

One can consider separable potentials without taking the zero-range limit!

Local potential : Y (r) [ d’q 0(a
2n)3 Y(q)
3
Non-local potential : [ a3r’ Y (7)) ] (Czlnc)lg V(g
. N d*q -
Separable potential: [ a3r’ Y (7") J )3 Y(q)
f
In bra-ket notation: (T — %kz + ) W)y =0 with ¢(F) = (F|¢) and ¢(B) = (B|P)
Special case: Zero-range limit Normalisation: f d(r)d3r =¢(0) =1

~(_>) {1 forp <A with A — oo So that the potential is described at low
¢(p) = 0 forp>A energy by the coupling constant g



2. Two-body physics ) Extras

Separable theory

Solution at zero energy for an attractive separable potential: —g|¢® }{¢|

n’p? dq e o
S0 - | o ¥(@) = BB )

At zero energy E = 0:

~ 2 d3 ~ 3 | |2
D @) = i) g [ L i) w— f =2 (14 [ LI

h? (2m)3
1 f 1 1 N d3q | |2
i . 2ug  f ) (2m)3 g2
B@) = @rys*®) + )2
F.T. ( R
(27-[)3 P2 4 hZ 1 1 2 00
_ f *p ¢B)-1 5.7 i — ___|__j dq | |2
_1+E+{I(2n)3 7 2u g a w),
—0 ) [ =—4ma “Renormalisation relation”




3. Three-body physics

Three-body physics

The Thomas Collapse (1935)

The Skorniakov Ter-Martirosian Equations (1955)
The Efimov breakthrough (1970)

Efimov states




3. Three-body physics ) the Thomas collapse (1935)

The Thomas collapse (1935)

Llewellyn Thomas in 1926

“The Interaction Between a Neutron and a Proton and the
Structure of H3.”, Phys. Rev. 47, 903, 1935

deuteron triton S

MQ/V .dv//hﬂ

Hyp =Ty + T, + V(r12) Hyp =Ty + T, + T3 + V(r13) + V(ry3)

Ground energy: E3p < <¢|({_/JITI7;|¢>

For a particular
ansatz Y

constant
—7 |E2 |

Ground energy: E5p

Collapse: Estimate of b:
E;p - —ocowhenb = 0

From the known ratio =22 = 4,
Why? This was a mystery. E

2B
Thomas found b ~ 6 - 107 1°m



3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

The Skorniakov — Ter-Martirosian equation (1955)

G. Skorniakov and K. Ter-Martirosian, “Three Body Problem for
Short Range Forces. |. Scattering of Low Energy Neutrons by
Deuterons,” Sov. Phys. JETP, 4, 648, 1957.

Karen Avetikovich Ter-Martirosian
(undated)



3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

General three-body equation

Three-body wave function: W(xX4, X5, X3) L
_ h? h? h?
H= —%Vz — %Vz — Z—VZ + V(riz) + V(ry3) + V(r33) “

1. Eliminate the centre of mass R = (¥; + %, + %3)/3

2. Express the remaining coordinates in terms of Jacobi coordinates: ‘P(}_Q), T)

rlz n - - -
‘ Rl o rij = Xj — Xj
2 Ry = Xy
E 13 2
3h? h?2

H= —mvfe — EV% + V() +V(rg3) + V(r23)




3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

General three-body equation

C

32 R o
H = ~ — V3 — EV +V(r2) +V(ri3) + V(r23)

-

Schrodinger equation at energy F

3h2 A2
4m VR — _V + V(le) + V(T13) + V(T23) E lIJ(R T') =0

h2 K>

<0

Schrédinger equation at energy £ = —

(37T )W) = - (V00 4V (29) + V) ¥R )



3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

Zero-range limit

h2K?2

Schrodinger equation at energy F = — — <0
3 _, 5 5 - m .
_ZVR - VT‘ + K l‘P(R,T') = _ﬁ (V(le) + V(Tlg) + V(ng))l'p(R,T)

Zero-range limit

(_%Vé —VzZ + KZ) ‘P(ﬁ, 7_”)) = 4m[F;(R1) 83 (1r23) + F2(R2) 83 (ry3) + F3(R3)8° (1y2)]

| L 1 1\ -
with Lp(Rk;Tij)rij_)()) Tij_aij Fi(Ry)

(Bethe-Peierls condition)



3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

The Skorniakov & Ter-Martirosian equation

<_%Vﬁ —Vz + KZ) qj(l_?), 7) = 4m[F;(R1)8°(123) + F2(R3) 83 (r13) + F3(R3)8° (r12)]

In momentum (Fourier) representation with ‘P(Rk;ﬂ]) ( 1 — 1 )Fk(ﬁk)
rlJ_’O rij Qi
3 S - S
(ZPZ +p?+ x2> P(P,p) = 4n z F,(P) 2
i=1,2,3
== 4”2':1,2,3Fi(ﬁi)
LP(P,p) = — L 0
ZPZ + pz + K2
Skorniakov — Ter-Martirosian integral equations: Benefit of the zero-range
5 = theory:
i E 2 2 |5 (P d*Q ( )+FJ( ) _ Now, the unknown function
— |=P2+k? |F (P)+4n - =———=10
a;j 4 (2m)* P2 + Q2+ Q - P + has only 1 argument!

$(P,3) — F(P
with {i, j, k} = {1,2,3} (P.7) (7)



3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

The Skorniakov & Ter-Martirosian equation

Detailed derivation (1/3):

~ 4T[ ] — F‘ ﬁ
T(P,p) = Li125Fi(P) o with W(Rk,rl])r q0< —~ )Fk(Rk) @
Zp2 + pz + K2 rl] al]
Consider the function Q(Rk,rl]) ‘P(Rk,ru) Fk(Rk) which removes the 1/7;; divergence from .

According to e this function goes to the finite value 1/aUFk(Rk) when r;; — 0.
Let us consider its Fourier transform: Q(Pk pu) ‘P(Pk pu) Fk(Pk)

3P~ d3p d3P [ d3P ~/3 -\ _iPR L
We have Q(Rk,ru) f(m)s ] (ZH?BQ(P p)el(P Ri+p- m) SO Q(Rk, 0) f(Zn)3f(2nz)j3Q(P’p)elP Rk which is

s UP.B) = —1/ai;Fe(P)

equal to—1/aiij(Rk). Taking the Fourier transform again, we arrive at f

i.e.

(272:)U3l (k» Bij) — Fk(Pk) =——Fk(Pk) 9



3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

The Skorniakov & Ter-Martirosian equation

Detailed derivation (2/3):

_ AT Y 153 Fi (P
‘P(P,ﬁ)= 521_1,2,3 z( l) e with W(Rk»ru) ( —
P2 +p*+x? =0 \1i; a4y
d3pi; S AT . o
s | P (Pepu) = 52 F() ——a—UFk(Pk) €)
d3p;; |F;(P,) + F:(P,) + F, (P 1 . 1
AT (zn-)lé l( lg . ]( ]2) k( k) . > Fk(Pk) — _a_Fk(Pk)
d3p; 1 1]. .- d3p;: F;(P,) + F:(P; 1
4t (27-[)”3 5 3 , ) _p?. Fk(Pk)+47T (27.[)%3 ( l) ( Z_ _a_Fk(Pk)
pij+<ZPk+K> H 4Pk+pl]+K Y
\— _/

V"
/3
- ZP,? + KZ

)Fk(Rk) e



3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

The Skorniakov & Ter-Martirosian equation

Detailed derivation (3/3):

1|3 . d3p F,(P, d3p F:(P
——jZP,§+K2 Fo(P) + 4m zpl]3 (7) + 4m Zp” 1G), =0
4ij (2m)3 3 4Pk+pl]+lc2 (2m)* 3 Pk+pl]+lc2
Using p;; = —P, — %I_’)k and p;; = 13; + %Pk to make a change of integration variable p;; — P; and Dij = ﬁ] in
the two integrals, one obtains:
1 3 o d3P, F,(P, d3P, F(P.
a__\/ZPIE‘HCZ Fk(Pk)+4T[ (2m)3 3 1(11) 2 (2 )3 ](i) 2
7P (P +2Pk) + K? 4Pk (Pj +7Pk) + K2
Finally, relabelling the integration variables ﬁi and 13; as 5, one arrives at the Skorniakov — Ter-Martirosian
equations:
1|3 . 327 F(Q)+F(Q
— — [=P2+ k2 |F,(P)+4n Q3 ‘( ) j(ﬁ) =0
aij 4 (2m)° P2 + Q2 + Q - P + k2




3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

Application to nucleons:

{v‘
H

= —23.7fm

Nucleon interaction:

Deuteron-neutron scattering:

deuteron (s’ = 1) neutron (s= 1/2)

SingletS = 0 TTi;)ll;!;cS =1
ITYL) — [4)]1)
Wa, = ITMLY + [4)]1)
5.4fm [ L)L)
F3=-F,=F F,=0

1 fs . d3Q 7(0) B
(a_t_ ZP2+K2>F(P)_4T[ (27-[)3P2+Q2+§.ﬁ+’€2_

0

Neutron-deuteron scatt. Length: | a,,; = 1.18a;

Universal result

Simplified version:a; =ay F, =F,=F; =F

(equivalent to the problem of 3 identical bosons)

1 /3 . d3Q 7(Q)
— _ |Zp2 2 _
(at e )F(P)+8nf(2n)3P2+Q2+§-ﬁ+x2 ’

Problem: energy is not bound from below!




3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

The analytical solution of Minlos-Faddeev (1961)

Skorniakov — Ter-Martirosian integral equation for three bosons at unitarity (a — o):

Q%+ P*+PQ +x”
2Pt _pore @0

1 3 - 2 (7
—\/—P2+K2 F(P)+—j ngln
4 mJ)y P

1. Extension of integration to [—oo, o]

Q% + P* + PQ + k?
Q? + P2 — PQ + K?

F@=0

3 - 1
0—\/—P2+K2 F(P)+—f Qdan
4 TJ)_,P

) 1 1 1 ! !
2. Change of variables: P = Vel (z — ;) Q = \/—§K(Z —1/z")

A 72 4 72 — 77

4 (°dz' (7% +z°+zZ _
—g(z) +—f ln< ,>g(z’) = where g(z) = (ZZ —Z%)F(P)
V3 Jo



3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

The analytical solution of Minlos-Faddeev (1961)

dz' (z2'°+ z%+ zz'
- In
A

AN — 2 i
- ZZ,>9(Z )=0 where g(z) = (2% - =) F(P)

— ()+ij°°
I V3 Jo

Scaleinvariance: z — Az (if g(2) is a solution, then g(Az) is also a solution)

3. Solution of the form: g(z) = z°

12 2 !
z'“+z +ZZ> -1 —

4 (0 0]
—z5 + —J dz' ln< V4
2 1 2 _
V3 Jo z'+z° —zz' Transcendental equation:

4 [® 1+ x%+x
. / s—1 — . E
1+—7T\/§'[0 dx ln(1+x2—x>x 0 S:8nsm(6s)
g ~ J T[
o sin(Zs) V3 cos ()

S cos(— )

for—1 < Re(s) <1

N[



. (T
81 sin (E S)

3. Solution of the form: g(z) = z°* s = T
V3 cos (7 S)

Real solutions s = +|s]| Imaginary solutions s = *i|s]|

|s] |s|



3. Three-body physics ) Skorniakov — Ter-Martirosian’s theory (1955)

3. Solution of the form: g(z) = z°

g(2) = C,z!%l 4 ¢_z=%l

8 sin (

| S

)

S

V3 cos

SEI=

(z9)

Since g(z) = (z% — z72)F(P), we have g(1) = 0, therefore C, = —C_= C.

g(z) — C(Zi|50| _ Z—i|50|)

4. Going back to the original variables, we obtain the solution:

F(P)

1 | (
2Sll’l
[, 3P

So| arcsinh ——
50| -

\/§P>

Obviously something is wrong

Solution valid for any k, i.e. any negative energy!
(consistent with Thomas collapse)



3. Three-body physics ) Efimov’s breakthrough (1970)

Vitaly Efimov in 1977

Efimov’s breakthrough (1970)

V. Efimov, “Weakly-bound states of three resonantly-
interacting particles,” Yad. Fiz., 12, 1080-1091,
November 1970, [Sov. J. Nucl. Phys. 12, 589-595
(1971)].

V. Efimov, “Energy levels arising from resonant two-
body forces in a three-body system.” Physics Letters B,
33, 563 — 564, 1970.



3. Three-body physics ) Efimov’s breakthrough (1970)

Derivation for three identical bosons

Hamiltonian in coordinate representation:

2 2 2
o=— h_VZ — h_vz — h_vz with the two-body condition ‘Pr—é x ri —%
ij ™ ij

1. Eliminate the centre of mass R = #; + %, + %3

2. Express the remaining coordinates in terms of Jacobi coordinates:

\/§—> - =
5 P Nij = Xj —

-

153 R 5 P2
©

Schrodinger equation:
For a total energy

(-V%, - V5, —k?)¥ =0 E = h?k?/m

Tr12




3. Three-body physics ) Efimov’s breakthrough (1970)

Derivation for three identical bosons

3. Make the Faddeev decomposition:

W = y (1, P3) + x (a3, p1)+ X (31, P2)

5 N PN S I S S V5 = V5 —k*)x(#,p) =0
=X(7‘,p)+)((—%r+§p,—‘/7§r—%p)+)((—%r—‘/7§p,‘/7_r—%p) (=v&-V3 )x (7, P)

Where y satisfies

4. Apply the two-body condition ¥ —— « ~ -l - 9 r¥) = —%(r‘{’) forr—0

rij—>0 Tij a or



3. Three-body physics ) Efimov’s breakthrough (1970)

Derivation for three identical bosons

3. Make the Faddeev decomposition:

W = y (1, P3) + x (a3, p1)+ X (31, P2)

= XG.3) + x (=57 + 35, — 37 - 35)

Where y satisfies
(=V5 = V5 —k*)x(#,p) =0

4. Apply the two-body condition ‘Pr—g) X r—] —% =) %(r‘l’) = _%(qu) for =0
ij l
1. d TR TR
Lem)| +[oCxe gD+ [L xR 1)
r—0 =0
= —2 [T (X(F: ﬁ) + X (%i-l_ \/2_55’ _EZQ_ %'5) T X (xzi_ \/Z_gﬁ, 2 g %ﬁ))]r—m
[— (rx (@, p))] —P' p) X (—@ﬁ, 2P )

= [+ (xC.5) + T(Zpt) + T (=La.=29))
a r—0



3. Three-body physics ) Efimov’s breakthrough (1970)

Derivation for three identical bosons

3. Make the Faddeev decomposition:

W = y (1, P3) + x (a3, p1)+ X (31, P2)

= XG. ) + x (=57 +2p, —5F p)

Where y satisfies
(=V5 = V5 —k*)x(#,p) =0

4. Apply the two-body condition LP—> X — — 2y i(rLIJ) = —%(rllj) forr—0

o] [leCre BR[O )
=—ﬂr(x(ﬁﬁ)+X(>%i+§5»—\§i‘%ﬁ)+X(%i_v2_§5’29_%[3))]7@0

[—(rx(r p))] — p) )(( —¥35, 1/3)

r—0

Lo
= —— G



3. Three-body physics ) Efimov’s breakthrough (1970)

Derivation for three identical bosons

Equation: Boundary condition r = 0:

_vz — Vz - k2 _); 0 — O a - - - - - - 1 > >
S A2 lg (rx(r,p))] +x (85, -38) + x (26, -38) = =[x D]
r—0

5. Expand y in partial waves. For a total angular momentum L = 0,

X\1,p o
V3,1
(_la_zr _la_zp - kz)XO(er) —~0 with [5 )(O(T,p) 49 XXO (7pI§p) N _lXO(O,p)
2 2 —
ror padp rp or p | _, \/75,0-%,0 a p

O O ) xlp =0 th [0 p)| 0 (Fpd) =~ 22000
or2  9p? Xo\I, P) = With (= Xo(1, p . \/§,0X0 2 PP )= a)(o( P)




3. Three-body physics ) Efimov’s breakthrough (1970)

Derivation for three identical bosons

Equation: Boundary condition r = 0:
02 92 0 8 (V31 1
— [ 2 = Y ) = N ) - — O)
(— 972 3p2 k )Xo(r,p) =0 5, Xo(r p)LO +\/§pr(2/) Zp) ~%0(0,p)
r A
6. Change the coordinates (7, p) to polar coordinates (R, a)
r =Rsina R =./r?+ p? (hyper-radius)
p=Rcosa a = arctanr/p (hyper-angle) ¢ X
p
92 10 1 02 ) 8 T R
2 _ - 9 i Ty_ _=&
<_W " ROR R20a? k >X0(R; a)=0 with [aaXo(R; a)]a—m + 5 Xo (R, 3) —Xo(R,0)



3. Three-body physics ) Efimov’s breakthrough (1970)

Derivation for three identical bosons 1
a
Equation: Boundary condition & — 0: ,0;
92 19 1 92 _
(ot w0 =0 [Zx@ao] | +Ex(RD)=~Ln®0
)(O(R,E) =0

=2 2\ — X (Trp) .
X(r)p) - Or—p == [XO(TIP)]’D—)O =0

7. At unitarity a — oo, the two boundary conditions are independent of R.
Therefore, the problem becomes separable in R and «a

Solutions of the form: y,(R,a) = F,(R)¢,,(a)

Eigenfunctions of —92 /0 a?:

62
—Wﬁbn(“) = Srzzﬁbn(“) ¢, (a) = sin (Sn (E —a

Boundary condition a — O:
-~ a))

Snf) 4 8 (Sn_ﬂ):
Sncos(2)+\/§sm . 0



3. Three-body physics ) Efimov’s breakthrough (1970)

Derivation for three identical bosons

Equation:

0 10 1 0°
0R?> ROR R?0a?

k2>)(0(R, a) =0

Solutions of the form: x,(R,a) = E,(R)¢,,(a)

Eigenfunctions of —02/da?:

- %¢n(“) = 55 ¢n(a) ¢, (a) = sin (Sn (g — a))

02 10 s2
_2 22 m g2 _
( oRZ RoR TRZ K )F"(R) 0

GE S%—%
——mz 7 k2 JVRE(R) =0

SnT
Sy, COS ("T) +

8
V3

Sin (

SpT
6

)=0



3. Three-body physics ) Efimov’s breakthrough (1970)

Derivation for three identical bosons

Effective Schrodinger equation for the hyper-radius R

A

92 |si—3
<_6R2+ = —k2>\/EFn(R)=o

Forn = 0, one gets the

—

Vo(R)

[
»

SnT) 4 8 i (SnT) —
Sncos(2)+\/§sm(6) 0

All s,, are real, except one: sy = £i1.00624

|50|2+% Scale invariance
R2 R - AR

VO(R) - -

2 Solution F at energy —1%k?

> 1

Solution F at energy —k

R 0% Sr% _% 0° Sn T 7 2.2
— + +x2 )VRE,(R) =0 +—5—+ 1"k | VARE,(AR) = 0

OR2 R2 ~ OR2 R

Without boundary condition at short hyper-radius, the
Efimov attraction allows any negative energy : this illustrates
the Thomas collapse!



3. Three-body physics ) Efimov’s breakthrough (1970)

Derivation for three identical bosons

Effective Schrodinger equation for the hyper-radius R

SnT) 4 8 i (SnT) —
Sncos(2)+\/§sm(6) 0

> 1
" +5 2l e ) yRE ) = 0
~ OR? 1 Rz | n(R) = All s,, are real, except one: sy = £i1.00624

0 h V- (R) = 501245 Discrete scale invariance
Forn = 0, one gets the o(R) = — 3 R > 1R

The problem is due to the zero-range approximation. In reality,

: b when the three particles come within distances of the order of
zEgg —— > R b, the interaction potential sets a boundary condition for R.
x 12 E . .
° SEM For small R, Fy(R) = aR!Sl + BR~USol « cos(|s,|In AR)
X A5 ( Vo(R)
£(0) ~ Fy(AR) « cos(|sg|In AAR) =cos(|sg| In AR + [sg|InA) o Fy(R)

Ground state, 7T
set by Ao = e™ 15l =~ 227 EM = F(0))-2n




3. Three-body physics ) Efimov’s breakthrough (1970)

Generalised discrete scaling away from unitarity

Suppose we have a solution y, of:

Fquation: Boundary condition a — 0:
0% 10 1 92
- 2 — 9 8 ™ _R
( RZ ROR R2oagz T K )XO(R' a) =0 [aaXO(R’ 05)]“_)0 + ZXo (R; 3) = ——X0(R,0)

Discrete scaling: R - R /A,

92 10 1 092 9 8 ™ R
Il —2..2 _ 9 8 ™ _ R
<_ 5RZ ROR RZaagz ! Ao K )XO(AOR; a) =0 laa)(o(ﬂoR, a)]a—m + 5 X0 (AOR» 3) = (o Xo(4oR,0)

a— Aypa

i.e. we have a new solution for:
K= K/

(@™ k) > (@™ 1) /A



3. Three-body physics ) Efimov states

“Efimov spectrum”

1. Discrete scale

invariance
Infinite number of three-
body bound states.

Wave number +|k|

2. Borromean states
Three-body bound states without
two-body bound states.

¢- ©
4

X Agt

/N

¢ scattering

Three-body

continuum

Particle-dimer
Scattering

Trimer n+1

Trimer n

X A

continuum

_ continum__

3. Trimer dissociation with

| ____— increasing interaction

e

rd

h2K?
Ey=—
2 m
withk = a1

Inverse scattering length a™

1



Wave number k

Three bosons

Three-body
scattering
continuum

o @

9

1
L
L]
L]
1 ]
1

Strength of the two-body attractive interaction g



3. Three-body physics ) Efimov states ) Geometry

No definite shape (fluctuating) but a tendency to form elongated triangles

¥ = x(712,p3) + x(h3,01) + x(F51, P2)
_ Xo(T12,P3) + Xo(723, p1) + Xo(731,02)

Partial wave L = 0

12 P3 23 P1 731 P2
5 . . .
g@ 2 (roRaz) xoeRa) xR ay) HyperspherlcaI.coordlnates.
~ R2\ sin2a + sin 2a + sin 2« r=Rsina
9,V Tha SN 2Q3 1 2 p=Rcosa
‘.« _ 2F(R) (¢o(as) + po(as) + po(az) Yo(R, @) = F(R)¢y(a) at unitarity
R? \sin2a;3 sin2a; sin2a,
—— \ v < with ¢o(a) = sinh <|SO| (g — a))
Hyper-radial Hyper-angular

P2 (Size) q)o(ag, 93)
31 (shape)



3. Three-body physics ) Efimov states ) Geometry

What is the shape of an Efimov state?
No definite shape (fluctuating) but a tendency to form elongated triangles

w = 2F(R) <¢0(“3) N $o(ay) N ¢o(a2)> - — Rsing

R? \sin2a; sin2a; sin2a, p=Rcosa

with ¢y (a) = sinh (|SO| (g — a))

Elongated configurations
more probable

Bo(@) [

20F

1.5F

. equilateral
1.0F

0.5 0

[ ] flattened
0.0 _'I -




3. Three-body physics ) Efimov states ) Mediated interaction

in spite of short-range two-body interactions?

The Efimov attraction may be viewed as an interaction between two particles
mediated by a third particle

Similar to:

Chemical covalent bonding
(exchange of electron)

Nuclear force
(exchange of virtual meson)




4. Overview

Overview of universal clusters

Experimental observations
The triton
The Hoyle state
The helium trimers
Observations in cold atomic gases
Mixtures of particles
1+2 particles : the Born approximation
Mixtures of two two kinds of bosons
Mixtures of two kinds of fermions
Halo nuclei



Three bosons

\gég\\ LR
Al caesium-133 i > 4 >
1
S CARE I 0
it !
0.100 ' Pf | ! ()] GCJ
M rl Mgttt 5 L
{11* 1 + : . .
i 1 ! ' - Lithium-6 T
I ! N Inverse
-0.030 -0.025 -0.0g0 -0.015 -0.010 -0.005 [:.000 \ .
: : », Scattering

AN : length 1/a

mer

Helium-4 trimer

triton




4. Overview ) The deuteron and triton

The triton (2 neutrons + 1 proton)

0.0 — ,

_____ Zero-range theory

-0.1 | | —— Finite-range theory

, Deuteron

K [fm~1]

—0.4 - E 4

: + Triton |

-0.5 _ O 3

0l L TN |

-0.4 0.2 0.0 0.2 0.4
1/as [fm~1]

Qualitatively consistent,
but not the best example.



4. Overview ) The Hoyle state of carbon-12

The Hoyle state of carbon-12

Originally suggested in V. EfimovV’s first paper

/ Coulomb repulsion —

Hoyle State
2@ of 1%C

Energy [MeV]
o
|
|
|
|
1
|
|
|
'\

________ Efimov attraction

0 2 4 6 8 10

Hyper-radius R [fm]

No clear evidence.



4. Overview ) Helium-4 trimers

The helium triatomic molecules *He,

0.00r

~0.02 —
~0.04 —
~0.06|

~0.08

Binding wave number k [A™1]

—0.10:—

-0.12:—

Inverse scattering length 1/a [A'1]



The helium triatomic molecules *He,

Kunitski, Science 348, 551 (2015)
(Reinhard Dorner, Frankfurt)




4. Overview ) Helium-4 trimers

The helium triatomic molecules *He,

Kunitski, Science 348, 551 (2015)
(Reinhard Dorner, Frankfurt)

excited state: theory excited state: experiment ground state: theory




Ozone molecule




Helium trimer
ground state

Ozone molecule

A
v

1.5nm



Helium trimer
ground state

Ozone molecule

A
v

1.5nm



Helium trimer
ground state

Ozone molecule

A
v

1.5nm



Ozone molecule

Helium trimer
ground state

+—>

1.5 nm

' N

15 nm

v



Ozone molecule

Helium trimer
ground state

+—>

1.5 nm

' N

15 nm

v



4. Overview ) Trimers in ultra-cold gases

Observations in ultra-cold atomic gases

|

Energy

A
3| 5 \
3|2
Q| © i [i
| . :
> Q il
se
(%]
0wl o 1 P I
Oq_) 1 1 11
—l= AN /il /\
1 1 11
1 1 11
i R VNG L
) i R "
1 1 11
1 L L1l >
1/a

Efimov trimers

Recombination rate coeeficient [10_20 emBs 1]

1000

—_
o
T

0.100

0.001 ¢

Observatjon with bosonic
cesium a‘lcoms
(Rudolf Grimm, Innsbruck)

x 21.0(1.3)

I

: resonance
! s YL 2014
+ First resonance JJ ( )

1 t @, (2006) . :

o "D

PR TR TR TN T TN TN TN T T SN TN T T T TN ST N SN SN TN HN NN SO SR T B

-0.30 -0.25 -0.20 -0.15 -0.10 -0.05 0.00

Inverse scattering length 1/a [nm_1]




4. Overview ) Trimers in ultra-cold gases

Vitaly Efimov and Rudolf Grimm receive the
first Faddeev medal in Caen (July 11, 2018)




4. Overview ) Trimers in ultra-cold gases

Vitaly Efimov’s speech after receiving the prize




4. Overview ) Trimers in ultra-cold gases

Energy (kHz)

Observations in ultra-cold atomic gases

Observation with three distinguishable states of lithium atoms

=10¢

~10%

_103 L

_104 L

~107 |

~10°

(Heidelberg, Tokyo)

Science, 330, 940, Lompe et al (2010)

1
[
1
1
[
I
I
I

' r
1
|
\
\
\

- E,,(modelA) | F

600+ — E123 (model B) L_

700 — T T T T T T
670 680 690 700 710 720 730 V40 750
/ MEQHEtiC field {G)
: . . 1 . ‘
200 400 600 800 1000

Magnetic field (gauss)



4. Overview ) Identical bosons

Four bosons

Energy

Inverse
scattering

Y @ cdimer : length 1/a
9
Amado & Green (1973) :

No N-body Efimov effect for N>3.

Universal 4-body bound states? o o

) 2
Is there a four-body parameter- D dimere

trimer 0



4. Overview ) Identical bosons

Four bosons

H-W Hammer L. Platter, Eur Phys J A 32, 113 (2007)

> A
%D J. von Stecher, J. P. D’Incao and Chris H. Greene, Nat Phys 5, 417 (2009)
o
Inverse
» Scattering
length 1/a
“Universal tetramers tied
to Efimov trimers”
(3-body Efimov effect, not
4-body Efimov effect!) /
J
o
@ tetramer :
o 2 dimers
o 9

tetramer ° J J
o trimer o



L] % L] Lo L} 4y’ L] = L] L L] -

+ Caesium-133

F.

4. Overview ) Identic

(
Ferlaino et al, Phys. Rev. Lett., 102, 140401 (2009)

Inverse
» Scattering
length 1/a
v
J tgramer
2 dimers
o 9

tetramer ° J J
o trimer o



4. Overview ) Identical bosons

F O u r b O S O n S A. Deltuva, Eur Phys Lett 95 43002 (2011)

> A
joT]
| -
()]
C
L
Inverse
» Scattering
length 1/a

@ tetramer

2 dimers

tetramer ° J J
o trimer o



4. Overview ) Identical bosons

More than 4 bosons

> A
oo
()}
C
L
J von Stecher PRL 107 200402 (2011) Inverse
» Scattering
length 1/a
o
J
‘ pentamer
o o
° 9
“Universal pentamers @ tetramer
: . . 2 di
tied to Efimov trimers” o -
J

tetramer ° J J
o trimer o



4. Overview ) Mixtures

Mixtures

Particles of different statistics (bosons, fermions)
Particles of different masses
Particles in different spin states




4. Overview ) Mixtures ) Bosons and fermions (spinless)

o O O @ OO.
O O OGN ) © @ ® O _
3Bosons 2 Bosons+ 3 Distin- 3 Fermions 2 Fermlpns
1 particle guishable + 1 particle
_ Number of resonant pairs
Efimov 3 Yes
effect & 3 do No
O
For mass ratio > 13.607
Yes Yes No
Scaling factor
lls,|
e 22.7 1986.1
for equal masses
30_ LI B N L] I AL B E T
[ \22.7 _ i i
Scaling factor — ol N - g 3
® 10 CA |
for unequal I
masses i ‘
8.01 “fIJ.1 1 “;c- ”1“00 S ul
m,/m, 0.01 0.1 10 100



4. Overview ) Mixtures ) 1 particle interacting with 2 identical particles

1 particle interacting with 2 identical particles

(no interaction between the two identical particles)



4. Overview ) Mixtures ) 1 particle interacting with 2 identical particles

The Born-Oppenheimer approximation

W(ﬁ, 77) = F(ﬁ)qb(?; I_f) (like an electron with two nuclei)
Solve the motion of the light particle in presence of the 2 heavy particles:

h? = hZK(R)Z .
_ﬂvr(p(r; R) —— (7 R) and the two-body conditions

%/—/

Born-Oppenheimer potential

Lowest energy solution: Motion of the heavy particles:

, 2 2
L = exp(— KlT‘ R/2|) exp(—«|7 + R/2|) h 2 h K(R) = =
(7R = 22 e - F(R) = EF(R)
17 =5 17+ 5|
For a certain angular momentum L
4 o between the two heavy particles:
—KR Q = ur(R)
K_eR =1/a » K(R) — R F(R) = LR P; (cos 6)

i~ d2 L(L+1) M Q2 ME
Q=wW(@1) ~ 0.567 _
<_ drRz " Rz 2mR2> wk)  =Z7wu®)



4. Overview ) Mixtures ) 1 particle interacting with 2 identical particles

The Born-Oppenheimer approximation

Identical

_—— M Competition
bosons
\ Centrifugal Efimov
", repulsion attraction
D > L@+ MO0 o ME
~ m "t TR )W) =u®
M - - _
50l +3
0 M 1
Vo(r) = ——%3 2= — 2 —L(L+1)—=
R sol? =502 ~L(L+ 1) —
ForL =0
No centrifugal repulsion. Efimov attraction wins. mm) Efimov effect

physics depend on a and A
Stronger for large mass ratio M /m



4. Overview ) Mixtures ) 1 particle interacting with 2 identical particles

The Born-Oppenheimer approximation

Identical

fermions/ M Competition
i the same Centrifugal Efimov
ipir:hstate) \ repulsion attraction
d> L(L+1) M Q? ME
~ Tt R omre)u® =pu®
M -
Isol2 +
0 M 1
Vo(r) = ——F3 2= — Q02— L(L+1)-=
R |Sol om ( ) 4
ForL =1

Critical mass ratio such that [sy| = 0 :

% > 13.6 : Efimov attraction wins.

M . .
— < 13.6 : Efimov attraction loses.

% = 13.990296 ... (exact result: 13.607 ...)

—
—

Efimov effect
physics depend on a and A

no Efimov effect
physics depend only on a

No Efimov effect for
3 fermions with spin 1/2

e.g. no trineutron




4. Overview ) Mixtures ) Mixtures of two kinds of bosons

Mixtures of two kinds of bosons

dRZ 2MR? B2 )" T B
. C
' &« 1 Weak Efimov attraction e
M 0 Ufr.\fav-our-ed Inverse
Efimo) trimers , scattering
length 1/a

< M Q2 9

RZ 2mR? h2 s Favoured
M Efimov trimers
m

1= Q
> 1 Strong Efimov attraction



4. Overview ) Mixtures ) Mixtures of two kinds of bosons

Mixtures of two kinds of bosons

d> m Q% mE
a2 wmrr )W =0

% <« 1 Weak Efimov attraction

J
Universal 0
tetramers tied to 0

Efimov trimers

i

> 1 Strong Efimov attraction

>

Inverse
scattering
length 1/a

Favoured
Efimov trimers



4. Overview ) Mixtures ) Mixtures of two kinds of fermions

Mixtures of two kinds of fermions (polarised = spinless)

d? +L(L+1) m Q2
dR? R2 2M R?

Efimov attraction is
suppressed

mkE
R2 TR )

=0

.
"‘
.
0

Inverse
» Scattering

(

d2

“arz "

L(L+1) M Q> ME
RZ ompz wr )=V

Efimov attraction wins

length 1/a

.............. $ Efimov tﬂmers

- 1¢ For2 > 136
— i m




4. Overview ) Mixtures ) Mixtures of two kinds of fermions

Mixtures of two kinds of fermions (polarised = spinless)

> A
Qo
| -
()}
C
L
Inverse
» Scattering
4,”’ length 1/a
1
OC R
a2
Kartavtsev+Malykh

J Phys B 40, 1429 (2007)
| Kartavtsev-Malykh
""""""" i, Universal trimers
1 M
. ¢ For8.17 < 2 < 13.6




4. Overview ) Mixtures ) Mixtures of two kinds of fermions

Mixtures of two kinds of fermions (polarised = spinless)

> A
joT]
| -
()]
C
L
Inverse
» Scattering
length 1/a

\I‘m

Kartavtsev+Malykh
J Phys B 40, 1429 (2007)

Universal tetramers

For 8.86 < % < 13.384 Kartavtsev-Malykh

Universal trimers

B. Bazak and D. S. Petroy, M
For 8.17 < — < 13.6

Phys. Rev. Lett., 118, 083002 (2017)




4. Overview ) Mixtures ) Mixtures of two kinds of fermions

Mixtures of two kinds of fermions (polarised = spinless)

> A
o]0]
| -
()]
C
L
Inverse
» Scattering
\ length 1/a
~~~~~~ 1
a2
Kartavtsev+Malykh

Efimov tetramers J Phys B 40, 1429 (2007)

“4-body Efimov effect!” y
For 13.384 <— < 13.6

Kartavtsev-Malykh
Universal trimers

For8.17 <2 < 136
m

Castin, Mora, Pricoupenko, Phys. Rev.
Lett., 105, 223201 (2010).



4. Overview ) Mixtures ) Mixtures of two kinds of fermions

Two kinds of fermions with spin

mm) Two-neutron halo nuclei?

(All pairs can interact in the s wave)



Halo nuclei

Number of protons

One-proton halo

O P N W b U1 O

Four-
Two-neutron neutron
halo nuclei halo nuclei

Efimov trimer candidates:

One-neutron
halo nuclei

6 7 8 9 10 11 12

P aai N

'\'\ ‘:,‘ First excited state

/2,
Nz

13

14 15 16

Number of neutrons

(to be confirmed)



5. Van der Waals universality

Van der Waals universality

Two-body van der Waals universality
The three-body parameter and its van der Waals universality



5. Van der Waals universality

Other classes of universalities

‘ c r>cC b r > b
fre(r) + tan @y gp (1) sin kr + tan 8, cos kr
“quantum defect” — -

Free region:
Zero-range universality

Simple law with few

Complicated
. P parameters:
region . . .
R Specific universality
I
E les:  Electron in a Rydb tomV(r) = — e 1 Bohr radius: a, = “Z0
Xampies: ectron In a Ryapberg atom r) = dmeqr Hag =—; ”

Two neutral atoms V(r) = —C,/r®
Interaction ~ kinetic (not radius)

Van der Waals length: [,qw = %(

2”C6
h2

)1/4



5. Van der Waals universality

c b
Prc = Po > r > b
[E| < [V (c)| -
N fo(r) + tan dy, g (1) sin kr + tan 0y cos kr @ns, ~ —ka
/—\ K2
==§ 1B« 2ub?
_ Simple law with few .
Complicated Free region:

parameters:

region Specific universality

Zero-range universality



5. Van der Waals universality

C b
Pic = Po r>c r > b
[E] < [V(c)| -
N fo(r) + tan dy, g (1) sin kr + tan 0y cos kr @ns, ~ —ka
/\ K2
==§ B < 2ub?

fiK (T‘) + tan ¢iK ik (T)

For c K r < b, all functions
are the same.

= frx = fo, 9k = Jo

* The functions f}; and
gy depend only on a
single length scale.

 The “guantum

___, Boundary condition: defect” ¢ is related
u'(ry) 3 fo (o) + tan ¢y gg (1) to the scattering

u(ro) - fo(ro) + tan ¢y go (o) length a.

Simple law with few
parameters:
Specific universality

Complicated
region

Free region:
Zero-range universality



5. Van der Waals universality

Two neutral atoms

Solution of the —C¢ /7° potential

Radial equation in _ h* d*u _ Ge U= Eu
the s wave: 2udr? ré

d*u  2uCq 2uUE
drz  Rr2r6 T pz ¢

1 d?u 1 2uC; 2uE

Dimensionless variable:

x=r/f — — u=—u
[Evaw 02w dx? 05, h2x° h2
d? 1 2uC 2UE£?
We set | l2uC A\ 16
_ .u 6 g - —
zvdW:§< = ) W) ~ () = eu)

16
Solution of the —C¢ /1° potential at zero energy u''(x) + Fu(x) =0



5. Van der Waals universality

16
Solution of the —C /1° potential at zero energy u’'(x) +—ukx) =0
X
Change of variable: u(x) = x/?v(2x~2)
|
u'(x) =x2 X (—4x v + %x_E X v y
u'(x) = —4x73/%v" + %x_%v
u'(x) = —4x 752 x (—4x7 ) v +10x 7 ?v" + %x_%(—4x_3)v’ — %x_% X v
u'(x) = 16x_%v” + 8x_%v’ — ix_gv
_11 _7 1 _3
1 16x 20" +8x 20 ——x 2v+16x~ 12y =0
% = x3/2 4
' 1
4x~ 4" 4+ 2x7 %' — g7 +4x v =0
, 1 , The solutions are linear combinations of
ywri+yv —Tevtyv=0 Bessel functions:
y2v" +yv' + (y2 —a®)v =0 Bessel equation » v(y) =af 1(y) +B/1(y)
with a = +1/4 4 4

u(x) =+x (a] _%(Zx‘z) + ﬁ]%(Zx‘z))




Solution of the —Cg /1 potential at zero energy
Van der Waals length

a _1{mCs 1/4
u(r) = () = —g(r) boaw =7 (?)

flr) = F(3/4)\/§]_%(ZX"2) g(r) = 1“(5/4)\/?]%(296'2)




Solution of the —C /1° potential at negative energy
Van der Waals length

1/4
Zero-range universal T 1 /mCe
/ bound state vaw = o\ n2

Or ; :
= Van der Waals energy scale
[ K2
[ FE -
-2F vdw 2
= [ 2:"‘lvdW
S
W3
L I
I [
_4 - ]
i Van der Waals :
_sf \ universal bound state ]
—6 [ Y T T
-3 -2 -1 0 1 2 3



5. Van der Waals universality

Solution of the —C, /7® potential at negative energy

al[nm]
W
o
|
2

Example: Ytterbium isotopes ok T

Kitagawa et al. Phys Rev A 77, 012719 (2008) 101 ]

-0.1

E,/h [MHz]

4L
o

-100F

-1000F " |
1 r“"“:‘—-._l-

1 |1‘H— 1 I | e
166 168 170 172 174

| I
176 178
2u1/m,



5. Van der Waals universality

The three-body parameter

In the zero-range theory, the three-
body has to be introduced “by hand”
as an extra boundary condition to
quantise the spectrum:

a_- = —1.50763/k,




5. Van der Waals universality

The three-body parameter

For a system with finite-range interactions,

the spectrum is bounded from below and K, = lim ™ e—n7/Is0l
the three-body parameter is set from the e
two-body or three-body interactions a_ = Tllijgloagn)e"””%'
1/a® 1/a® 1
AN >
N\ 1/a
RYE o
"\ % Question: what in the interaction
(0)2 o= potentials determines the value
K of the three-body parameter?

Range of two-body forces?
What about three-body forces?




5. Van der Waals universality

The three-body parameter

Experiments with atoms:  “Van der Waals universality of the three-body parameter”

€ The potential between
o=

- (0) : : two atoms has a van der
- a_ ~ — (89 + 1 .8)/\—(|\,.\: Waals tail-

e

2 o
g V(r) 7:)0 — Ce/T
©

Q

[7)]

c

2 Van der Waals length
S l 1 (mC6
g 1 ] 1 ] 1 ] vdW e _2
o 0 1 2 3 4 5 2\ h

van der Waals length /4w (nm)



5. Van der Waals universality

The three-body parameter

Is it quantum reflexion?

T

E _—
e

< S—
€ 3m| =
g; 4 j '*qé) Square Efimov attraction
N S | well
e o !

T 1
m —
g 2 .
< Hyperradius R
8§ I A ~ H/ ~
13 r [ FH” OO
(O]
<
|_

0 i & 1.8 5§ i 3 4 N B [ | I 1 | f f | L 1 L

0 20 40 60 80 100

Square Welldepth [A%/(m b?)]



The three-body parameter

Is it quantum reflexion? No.

T T 1 1 1 1 1 1 17 1 11
o) —
< x
£ 3r >
S 4 = _
@ @ Ry Efimov attraction
Il ° /
o /
Fal - o ; van der
Y ! Waals well
®
i -
- Hyperradius R
>
8 ] ] |
e IT
$ 4
-
[
0 L L | | T | N | | | L
0 200 400 600 800

van der Waals Welldepth [#2/(m b?)]



5. Van der Waals universality

The three-body parameter

J. Wang, J. D’Incao, B. Esry, and C. Greene, “Origin of the Three-Body Parameter Universality in
Efimov Physics.” Phys. Rev. Lett., 108, 263001 (2012).

Adiabatic Hyperspherical Representation:

T
(15 o 1va Y = z F,(R)®,(6,%;R)
7)0 n
d2
( 7 + WL (R) - E>F (R) + z W, (R)F,/(R) =0
Tl N

Hyper-radius R Solved for various two-body interactions with a van der Waals tail.
Hyper-angle a In the limit of deep van der Waals interactions:

r =Rsina (0) _

= Rcosa ks o = (0.21 £ 0.01) /4, 4w

a'” = —(10.70 £ 0.35) £, .




The three-body parameter

Three-body repulsive barrier

Potential energy [Eygw]

- Three-body

repulsion

—— Potential Wy(R) for Lennard-Jones pairwise potentials |

Efimov potential Vy(R) =

|sg|2+1/4
2

Efimov
attraction

Hyperradius R (Agw)




5. Van der Waals universality
The three-body parameter

What is the origin of the three-body repulsion?
(how can we get repulsion from purely attractive interactions?)

Two-body van der Waals universality

Universal

1.0 suppression of
o~ [ — two-body
§ 05} _ probability for
g h % s lvdW
2 _ 2
8 00} 5
= g
3 E Analytical solution at zero energy
@ i
g 7 o(r) = T(5/40/a.(22-2)
DL_ i Tzfvdw 4

_’|_Oh . TR T P S ;o= g
00 05 1.0 15 20 25 3.0 [aw

Interparticle separation [A,gw]



5. Van der Waals universality
The three-body parameter

Consequence for three-body:
Suppressed configurations for r;; < L,qw

(for 0 = m/2)
8 8 q {
S5

2 <]
£y @ ol I

Hyper-radius R i i o<
Hyper-angle a ® .00 s 3
% N 3 4 5 6

r=Rsina Hyper-radius R [hgw]

p=Rcosa



eter

The three-body param

5 " Three-body
repulsion

Potential energy [Eyqw]

—— Potential Wy(R) for Lennard-Jones pairwise potentials -

_Isgl2+1/4

----- Efimov potential Vy(R) = =

——————————
—— -
-

Efimov
attraction

Ny

Hyper-angle a
w |y

oy

DA ey |




5. Van der Waals universality

Potential energy [Eygw]

Hyper-angle a

The th

ree-body parameter

4

5 " Three-body

P

Potential Wo(R) for Lennard-Jones pairwise potentials

NIy

w |y
T

o |y
T

repulsion 2 4
. . |sg|%+1/4
————— Efimov potential V(R) = -———— 1
— Potential from the pair correlation ansatz 1
— Effective potential from the separable model ]
Efimov
attraction
1 1 1
8 & q c{
@ 8 o7 e |
® | o8 <3 ]
\/; 6

Approximate ansatz to check this interpretation:

1) Pair correlation ansatz

®o(a,0; R) = P (a,0) X 0(112)0(r23) @0 (731)

2) Separable potential model

. 1
V= V |74 ith
WalvTpey (PPl M e e
e () B o (@) = o(r)/r
g Form factor
Coupling
constant



5. Van der Waals universality

The three-body parameter

2) Separable potential model

o 1
= ith
v (lpolvllpo)Vll/)O)(l/)OlV Wit V(T) — —C6/T6

o(P) = o(r)/r

The solution of the true potential at zero energy: (T’ +V)|e) =0

is also the solution of the separable potential at zero energy: This separable potential is an approximation
that reproduces exactly the zero-energy two-

Vo), |V> [Wo) body wave function of the true potential
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The three-body parameter

2) Separable potential model Three-body treatment (for negative energy E = —h%k?/m)
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Potential energy [Eygw]

The three-body parameter

2) Separable potential model

Three-body treatment (for negative energy E = —h%k?/m)
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— Potential from the pair correlation ansatz

Potential Wy (R) for Lennard-Jones pairwise potentials

\\ — Effective potential from the separable model
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transform
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The three-body parameter

2) Separable potential model
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Three-body treatment (for negative energy E = —h%k?/m)

k9 =0.187(1) €5k

a® = —10.86(1) ¢y qw

Close to the exact results:

£\ = (0.21 £ 0.01) /€,

a'” = —(10.70 £ 0.35) £,




Conclusion

Universal few-body physics has been a developing field of quantum
few-body physics, both theoretical and experimental, unveiling a whole
collection of universal few-body states with remarkable properties.
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