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General relativity and quantum field theory

@ In the classical general theory of relativity, the spacetime is a smooth
pseudo-Riemannian manifold and the gravitational field is described
as the curvature in the spacetime. It is a local theory where all
physical quantities formulated in a general way are related to local
dynamical equations.

@ Quantum field theory was initially defined in the four dimensional
Minkowski space with a causal and metric structure. The symmetry
group is the Poincaré group generated by the Lorentz
transformations and translations.

@ In the canonical quantization procedure, quantum fields are operator
values distributions ¢(f), i.e., must be smeared out with smooth
compacted support test functions. These smeared fields act as
unbounded operators in a Hilbert space.



General relativity and quantum field theory

@ In the construction of the formalism the principles underlying a
quantum field theory are the probabilistic interpretation of
expectation values, this special relativity and locality. In local
quantum field theory causality is manifested as the requirement for
the smeared fields ¢(f) and ¢(g) commute when the supports of f
and g are space-like separated.

@ The program of describe the gravitational field using quantum
theory introduce many conceptual difficulties as, for examples, the
causal structure and locality issues.

@ Quantum field theory on gravitational background space-time is an
intermediate step toward to our understanding of the program of
quantization of the gravitational field. In this approach, quantum
fields are defined on classical space-times.

@ To go further, one can discuss the effects of the fluctuations of the
metric fields over the quantum matter fields. One can show that the
effects of a bath of gravitons in a squeezed state is to fluctuates the
light cones.



Analog models in condensed matter physics

@ Unruh has shown that the propagation of sound waves in a
hypersonic fluid is equivalent to the propagation of scalar waves in
black-hole spacetime.

e Quantizing the acoustic wave in such a physical system with a sonic
horizon implies that the sonic black-hole can emit sound waves with
a thermal spectrum. Analog model for the Hawking result: the
presence of phononic Hawking radiation from the acoustic horizon.

@ An analog model for quantum gravity effects in condensed matter
was proposed. The situation discussed was of phonons propagating
in a fluid with a random velocity wave equation.

e Quantum gravity effects in the laboratory: entangled
non-gravitational systems may exhibit phenomena characteristic of
quantum gravity.

@ Here we discuss an analog model for Euclidean wormholes effects.
We discuss an Euclidean scalar field theory with quenched additive
anisotropic disorder.



Quenched disorder and generalized zeta-functions

@ In classical statistical mechanics of Hamiltonian systems, any state is
a probability measure on the phase space. The expectation value of
any observable can be obtained from an average constructed with
the Gibbs measure

1
dUGibbs = Z°€ PR d i iouvitte, (1)

where Z the partition function, H is the Hamiltonian, 5=1/T, T is
the absolute temperature and dpigjouville is the Liouville measure.
@ The partition function is obtained from a normalization procedure.

@ For systems described in the continuum with uncountable infinite
degrees of freedom, this framework can be maintained, with a formal
Lebesgue measure.

@ Euclidean functional methods, with functional of probability
measures, introduced classical probabilistic concepts in quantum
field theory.



Quenched disorder and generalized zeta-functions

@ The analytic continuation of vacuum expectation values for
imaginary time of the Wightman functions are the Schwinger
functions. These functions have a probabilistic interpretation as
correlations of a random field.

@ The Gaussian free field: a Gaussian random distribution with
covariance given by the Green function of the Laplace operator in
R, ie.,

(=B + 1) Go(x, y) = 6%(x — y). (2)

@ For a scalar field defined in RY, the moments of a probability
measure are the n-point correlation functions given by

(wla)ox) = 7 [lel[[oti)ew(-S).

The [dy] is a functional measure, i.e., a measure in the space of all
field configurations and S(¢) is the Euclidean action of the system.



Quenched disorder and generalized zeta-functions

The random field Ising model in a hypercubic lattice in d-dimensions is
defined by the Hamiltonian

N
H= —JZ oo — Z hioi, (4)
(i) i

where (7, f) indicates that the sum is performed over nearest neighbour
pairs, o; = £1 and h; is a random variable. The Edwards Anderson

Hamiltonian is

HZ* ZJ,']U,’CTj*hZO’,‘. (5)
<i,J> i

With a quenched disorder field 7, one has to compute the

disorder-averaged generating functional of connected correlations

functions:

w() = / [d71P(1) In Z(1.)), (6)

where [d 7] is a functional measure and P(n) is the probability
distribution of the disorder.



Quenched disorder and generalized zeta-functions

@ The fundamental question is whether there exists a thermodynamic
spin glass phase: a transition from the high temperature
paramagnetic state to a low temperature spin glass state.

e We construct ZK = Z x Z x ... x Z. We interpret Z¥ as the
partition function of a system formed with k statistically
independent copies of the original system.

@ The replica method is used to average over the disorder.

{E[Z”] - 1}

n

F=—lim

n—0

(7)

@ "The replica theory puts the dirty under the carpet and cleaning
under the carpet is not an easy job" (Parisi).

@ " A strong effort must be done to decode the replica theory and to
give a physical meaning to the results of the replica approach”
(Parisi).



Quenched disorder and generalized zeta-functions

Let us discuss the spectral zeta function regularization. If Ak is a
sequence of non-zero complex numbers, we define the zeta regularized
product of these numbers as

H e = o C()ls=0 (8)
K

where

(=Y Alk for Re(so) > 0, (9)

is the zeta function associated with the sequence Ax. If Ak is the
sequence of the positive eingenvalues of the Laplacian, then the zeta
regularized product is the determinant of the Laplacian. The free energy
of a system with these eigenvalues is

1

d
F= QECD(S)E:O- (10)



Quenched disorder and generalized zeta-functions

The next step is to show how to generalize the usual zeta functions to a
broader context.

Recall that a measure space (2, W, n) consists in a set Q, a o-algebra W
in Q, and a measure 7 on this o-algebra. Given a measure space
(2, W, n) and a measurable f : Q — (0,00), we define the associated
generalized (-function as

Cur(s) = [ £ dne) (1)
for those s € C such that =5 € L1(n), where in the above integral

f~° = exp(—slog(f)) (12)

is obtained using the principal branch of the logarithm.



Quenched disorder and generalized zeta-functions

Let us assume a A¢* + pe® scalar model without disorder. The partition
function is defined as

z= [1de] exo(-H(2). (13)
where H(p) = Ho(v) + Hi(p). We have
Ho(e) = [ dx 5=+ md o), (14)
where A is the Laplacian in R9. H;(y) is defined by
o) = [ (22600 + 2260, (15)

Here [d] is the functional measure, or a formal Lebesgue measure given
by [d¢] = [T d(x)-



Quenched disorder and generalized zeta-functions

A multiplicative quenched disorder field defines the Hamiltonian

ol 0m) = 5 [ dxio) (=2 4 mf = om0 ) o). (16)

Defining [ddm3] as a functional measure, the probability distribution of
the disorder is [d6mg]P (§m3) where

1 d 2
P(6m2) = po exp <—402 /d x (6mj(x)) > (17)
The quantity o is a small parameter that describes the strength of
disorder and pg is a normalization constant. In this case we have a delta

correlated disorder field since

E[5m3(x)5m3(y)] = 0%6(x — y). (18)



Quenched disorder and generalized zeta-functions

Our aim is to compute the disorder-averaged free energy given by
1
F= 3 /[d Sm3|P(6m2) In Z(6m3), (19)

where again [d §mZ] is also a functional measure. Here we use the
definition of the distributional zeta-function ®(s), inspired in the spectral
zeta-function, as

o(s) = [ [@omP(md) Zar (20)

for s € C, this function being defined in the region where the above
integral converges. The average free energy can be written as

_!
B

where ®(s) is well defined.

F (d/ds)®(s)|s—o+, Re(s) > 0, (21)



Quenched disorder and generalized zeta-functions

Hence, using analytic tools, and integrating over the disorder, the
average free energy can be represented by

;[Z k'k E[Z¥] +loga+~+ R(a)|. (22)
k=1
' 00 )
- / [dSm3]P(5m3) / Ttefzwmo)f. (23)

Using the probability distribution for the disorder and the Hamiltonian of
the model, this quantity is given by

e



Quenched disorder and generalized zeta-functions

The effective Hamiltonian, Heff(gDEk)) is written as

%4WU:/“4gin@GA+%%Ww

i=1
]k k
2(
+ 3 2 &ivi ()¢ ( Z (25)
ij=1 i=1
Using that apfk)(x) = cpj(-k)(x), the symmetric coupling constants gj; are

given by g;j = (Aod;j — 02). The effective Hamiltonian is written as

eff /ddxi[ ( A-&-mo)@?E (%)

1=

+iooma(¢”u0+6(¢“wnj. (26)



Quenched disorder and generalized zeta-functions

First-order phase transition

L)
1
L, w10 4210 «10
2 |
- || Iaal | | 4 |
iy Vo I \ ,'
- v Vol [ J
! v vz -
. Loy VAN AVIEERANVS
-1 [t a 1 1 a 1 [+
B m



Quenched disorder and generalized zeta-functions

The effective Hamiltonian, Hesr (o)) in the case of additive quenched
disorder is written as

k
Hr (o) = [ o [izwf-“(x( A+ m)(x)
i=1

Using that cp(k)( ) = <pj(-k)(x), the effective Hamiltonian is written as

eff /dd Z [290, ( A+ mj— k02)<,9,(-k)(x)

g (w,(k)(X)ﬂ . (28)



Quenched disorder and generalized zeta-functions

e "Disorder Effects in Dynamical Restoration of Spontaneously Broken
Continuous Symmetry”, G. Heymans, N. F. Svaiter and G. Krein,
arXiv:2208.04445 (hep-th).

e Euclidean quantum O(N) model with N = 2 in a continuous broken
symmetry phase at low temperature with quenched disorder linearly
coupled to the scalar field.

@ An average over the ensemble of all realizations of the disorder is
performed. We represent the quenched free energy in a series over
the moments of the partition function.

@ In one-loop approximation, one can prove that there is a
denumerable collection of moments that can develop critical
behaviour.

@ Below the critical temperature of the pure system, with the bulk in
the ordered phase, there are a large number of critical temperatures
which take each of these moments from an ordered to a disordered
phase.



Wormbholes and Scalar Fields in a Riemannian Manifold

@ In Euclidean quantum gravity, for metrics with Euclidean signature,
it is possible to have fluctuations with change of the topology.

e We discuss topological fluctuations in a Euclidean space M. Using
results of statistical mechanics of anisotropic disordered systems, the
contribution of wormholes in Euclidean gravitational functional
integral arises from a quenched randomness inherent in the M4
manifold.

@ Taking the average over all the realizations of the all disorder fields,
the free-energy of the system must be calculated.

@ To calculate this quantity, there are different methods in the
literature, as for example the replica method, the supersymmetric
and the dynamic approaches. Here we use the distributional
zeta-function method.



Wormbholes and Scalar Fields in a Riemannian Manifold

Suppose a compact manifold of Riemannian signature M. Let S be an
action functional of the matter and gravitational fields. The partition
function is

z- /[dg][dd)] exp[-S(6) — S(&)] (29)

For simplicity let us discuss only a neutral scalar field. The action
functional is

S(6) = So(6) + Si(9), (30)
where
d 1 2
50(0) = [ dixVE0(x) (~+ ) o(x), (31)
and i
51(6) = [ dixvER 00, (32)



Wormbholes and Scalar Fields in a Riemannian Manifold

_ 1 d o 7L d—1
S(g) = 16WG/MC/X¢§(R N - gog [ KIELC ()

The A is the Laplace-Beltrami operator, g = det(gj;), G the Newton's
constant, R is the Ricci-scalar, A is the cosmological constant, K is the
trace of the second fundamental form on the boundary and C is a
constant.

The effects of wormholes in the partition function can be written as:

z~ [ldelidolexp [ ~S(0.8) + 5 [ dx [ 'y 3 oI

(34)
The last term of the action is a non-local contribution common in
quenched disordered systems at low temperatures or systems with
anisotropic quenched disorder. In such systems one is interested to obtain
the quenched free energy.



Euclidean Scalar Field Theory with Quenched Anisotropic Disorder

The model which we will propose relies on the non-locality of the
effective action of anisotropic quenched disordered system. After the
average of ensembles be taken, the contribution of the Euclidean
wormbholes effective action is naturally raised.

To start, let us consider a d dimensional field theory with disorder defined
in the space MY. For the scalar case, the action becomes

S(¢ hj) = [ dixyg [360)(=D + m?*)é(x) + 36%(x)
+h(x)o(x) +(x)o(x) |- (35)

Once we have a disordered theory we are free to impose a suitable
covariance. We will choose a covariance:

E[h(x)h(y)] = ¢*F(x — y) (36)



Euclidean Scalar Field Theory with Quenched Anisotropic Disorder

St (09.51)= d‘*x\/g{zfl 301700 (-2 +m?) 6 (x)

+a W(Xﬂ } } = [ 4 (0 ()

2 k k k
—& [dly [dix g XF iy Fx— y)et (x)6!(y). (37)
Such effective action has non-local contributions. To go further we can
make a choice over the functional form of the multiplets ¢Ek)(x).

In a series of previous works the choice of all fields equals in the same
multiplet have been made. It was found the non trivial free-energy
landscape typical of complex systems and others non-trivial quantities.



Euclidean Scalar Field Theory with Quenched Anisotropic Disorder

Here we will make no specific choice about the fields which belongs to
k'™ multiplet. All the fields in the same multiplet are allowed to be
different between themselves. One can show that

k
B(24G. 0] = [ T] [d60)] tdelexp [Sta (6190.19) + SE (1)
e (38)
where we define

Sta (689,19)= [ d'xyE 22_2{ [3689(x) (—a + m?) {7 ()]
+3 [qaé”(x)]“} — [ dXVE b0 06 (1)1 (%)

and



Euclidean Scalar Field Theory with Quenched Anisotropic Disorder

S8 (@, F)= [ dixy/g {[2e(x) (—A + m?) o(x)] + 2¢*(x)}
A [ dix /g [ dly VEF(x — y)e(x)e(y). (39)

One possible choice is the following: for k = 1 we have the singlet, fixed
by the initial configurations of fields: ¢(!) = ¢1. The next term, k = 2,

will be ¢(2) = < zl > where ¢, is independent of ¢; but the doublet
2

carry information about ¢;. Such procedure lead us to

P1

®2

o) = ! (40)

Pk
where all components, ng,(-k), are different but ¢(%) contains the initial
information.



Euclidean Scalar Field Theory with Quenched Anisotropic Disorder

It is important to point out that a single term in the series does not
define a brane (universe); rather, the brane interpretation applies only to
the entire series. After the diagonalization and the redefinition of the
fields in the functional space, a single term of the series has no direct
interpretation at all.

The entire series is needed to obtain physical quantities. The above
figure provides a visualization of our result, in that all topology
fluctuations are, in fact, Euclidean wormholes. As evinced, we have two
kinds of fluctuations: those that connect different branes (different
universes), and those located on the same brane (same universe).

N. F. Svaiter



Euclidean Scalar Field Theory with Quenched Anisotropic Disorder

A link with condensed matter physics is almost trivial. A disordered
system at low temperatures, or for an anisotropic disorder leads to a
model with the same mathematical structure regarding the nonlocality
induced by quantum gravity effects on matter fields. The series of
partition function takes into account all possible configurations of the
disorder. However, those configurations are not independent, since the
disorder average is taken over the free energy, the generating functional
of the connected correlation functions.

Physical quantities, such as the dynamic and static structure factors, can
be readily computed by using a mean-field approximation to obtain the
necessary matter-field correlation functions. We recall that the static
structure factor is proportional to the total intensity of light scattered by
the fluid. As such, the effects of the disorder-induced nonlocality should
leave signals on the scattered light.



Conclusions

@ Quantum field theory on gravitational background space-time is an
intermediate step toward to our understanding of the program of
quantization of the gravitational field.

@ Analogous systems which reproduce major features of black holes, as
for example phonons in Bose-Einstein condensate. One can uses the
Gross-Pitaevskii mean-field equation to discuss the Hawking effect in
the condensate.

@ Fluctuations of the geometry of spacetime caused by a bath of
gravitons in a squeezed state has the effect of smearing the
light-cone.

@ It is possible to discuss an analog model for light-cone fluctuations:
disorder medium with random classical fluctuations in the reciprocal
of the bulk modulus.



Conclusions

@ In Euclidean quantum gravity, it is possible to have fluctuations with
change of the topology, as for example wormholes. The effects of
the wormholes appears as a nonlocal contribution to the Euclidean
action.

@ Recently it was introduced a new technique for computing the
average free energy of classical and quantum systems with quenched
randomness: the distributional zeta-function method.

@ Anisotropic quenched disorder introduces nonlocal contribution to
the effective action in classical field theory. In Euclidean quantum
field theory at low temperatures with disorder, the nonlocal
contribution also appears.

@ An analog model for Euclidean wormholes effects can be discussed:
quenched additive anisotropic disorder in Euclidean scalar field
theory.

@ Work-in-progress discussing two-dimensional models.
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